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§1. BBeflGHHe 

PaccMOTpHM aBTOHOMHyio CHCTGMy o6biKHOBeHHbix flHcjjcjjepeHiiHajibHbix ypaBHeHHii 

i = /(x), X e M^ (1.0) 

r^e / - HenpepbiBHO flHcJxJjepeHijHpyeMaH (|)yHKiiHH TaxaH, hto pemeHHe CHCTeMbi ((!]) c jiio6biM Ha'^aJIbHbIM 
ycjiOBHeM npoflOJiJKHMO Ha HHTepBaji (—00,00). CncTeMy ((T|) 6y^eM nasbiBaTb nopojK^aiomeH. Ilpe^nojio- 
JKHM, ^TO CHCTeMa ^ ^onycKaeT T-nepnoflH^ecKHii li,hkji x. B CHJiy aBTOHOMHOCTH, npn jiio6oh cflBHJKKe 

9 e[o,T] 4)yHK^HH 

x'^it) =x{0 + t) 

BHOBb HBJifleTCH T-nepHO^HHecKHM pemeHHeM CHCTeMbi 111). IIpeflnojiojKHM, ^TO (|)yHKLi,Ha (7 : M X ^ 
T-nepHOflHT^Ha no nepBofi nepeMenHoii h paccMOTpHM BOSMymeHHylo CHCTGMy 

X = f{x) + eg{t,x), xeR^ (1.0) 

CTaTbH nocBflmena KJiaccHHecKoii aa^a^e, BOCxo^Hmeii k A. IlyaHKape, o cymecTBOBanHH y BOSMymenHoii 
CHCTeMbi |l]) T-nepnoflH^ecKHx pemeHHii x^, cxo^hiiihxch npn e k nopojKflaromeMy pemeHHio x^ . Ily- 
aHKape npHHafljiejKHT yTBepjKfleHHe o tom, ^^to napaMeip 9 ~ 6q nopojK^aioinero pemenHH, fljia KOToporo 
TaKoe cymecTBOBaHHe nneeT MecTO, Heo6xoflHMO flBjiaeTCfl nyjieM neKOTopoii 6H(|)ypKai];H0HH0H (^yuKUfm M. 
•JyHKiiHK) M IlyaHKape sanncbiBaji b HesBHOM BH^e. 

HosflHee H. F. MajiKHH [23| h B. K. MejibHHKOB |26) yKasajiH HBHbiii bh^ (^yuKUfm M h npn noMomH Teo- 

peMbl O HeHBHOH 4)yHKLi;HH B pa3JIHHHbIX CHTyailHflX flOKaSajIH, HTO flOCTaTO^HblM yCJIOBHeM cymecTBOBaHHfl 

y CHCTeMbi ll]) T-nepHOflH^ecKoro pemenHH x^ , cxo^amerocH npn e — s- k x^° , flBJiHexcH ycjiOBne 

M'iOo) + 0, (1.0) 

^ OcHOBHbie pesyjibTaTM CTaTbH flOjiojKeHbi Ha ceMHHape OT^ejia flH4)<}'6peHi(HajibHbix ypaBHeHHii MaTSMaTHiecKoro hhcth- 
TyTa HM. B. A. CTeKjiOBa PAH 22 MapTa 2006 r. 
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TO ecTb ycjiOBHe npocTOTbi KopHH ^o- 

Pa3JiH^He MejK^y CHTyaiiHSMH, H3y^aeMbiMH MajiKHHMM h MejibHHKOBMM, CBflsaHbi c ycjiOBHHMH, npe^i- 

HBJIfleMblMH K T-nepHO^HHeCKOH JIHHeHHOii CHCTeMe 

y = nx{t))y. (1.0) 

Tax MajiKHH npe^nojiaraji, hto 

(Cm a)'- ajire6paH^ecKaH KpaTHOCTb MyjibTHnjiHKaTopa +1 cncTeMbi ^ pabna 1, 

a MejIbHHKOB, ^TO 

(Cme)' ajire6paHT^ecKaH KpaTHOCTb MyjibTHnjiHKaTopa +1 CHCTeMbi ([1]) paBHa 2, 
HO reoMeTH^ecKaa KpaTHOCTb MyjibTHnjiHKaTopa +1 CHCTeMbi |(T]) paBHa 1. 

B CTaTbe 6yfleT noKasano, hto flpyraa Hflea IlyaHKape, o6 HH^eKce KpHBoii OTHOCHTejibHO BeKTopnoro nojia, 
nosBOJiaeT nojiyHHTb 6jiH3KHe pesyjibTaTbi npn o^hom Jiiinib npeflnojiojKeHHH 

(C): B MajiOH OKpecTHOCTH iiHKJia X HeT ^pyrHx T— nepno/iH^ecKHx pemeHHii 
nopo»cflaioiLi,eH ciiCTeMbi. 

YcjiOBHe (C) BbinojiHeno xax b CHTyaiiHH MajiKHna (Cma), Tax h b CHTyaiiHH MejibHHKOBa (Cme)- Ho 
npe^nojiojKeHHe (C) ne HcnojibsyeT KaKHx-jiH6o cbohctb jtHHeapHSOBaHHoii cncTeMbi llj h, cjie^OBaTejibHO, 
MOJKGT 6biTb BbinojineHO fljifl BbipojK^eHHbix cjiy^aeB, Kor^a KajK^oe pemenHe cucTeMbi ([T]) HBjiJieTCfl T- 
nepHOflHnecKHM, cm. |§5.| 

IIpe^jiaraeMbiH no^xo^, b otjihhhh ot pesyjibTaTOB MajiKHHa h MejibHHKOBa, ne npe^nojiaraeT ^HC^xjae- 
peHiiHpyeMOCTH BOSMymenHH h CBHsan c flajibHeiimHM pasBHTHeM Teopim iin^eKca IlyaHKape, cm. |15j . Xots 
ocHOBHaa TCopcMa flOKasbiBacTCH ^jih cjiynaa nenpepbiBHoro BOSMymennfl, cjieflya CTaH^apTHbiM cxcMaM 
(cm., nanp., [ll], § 6.2), ona mojkct 6biTb nepeHecena ne TOJibKO na cjiynaii paspbiBHbix BOBMymeHHH, ho h 
MHorosHaHHbix c BbinyKJibiMH o6pa3aMH. 

ByflCT noKasano, hto ycjiOBHH cymecTBOBaHHH nepnoflHiiecKHx pemenHii y BOSMymenHoii CHCTCMbi b6jih3h 
iIHKjia X MoryT 6biTb CBflsanbi c ^hcjiom o6opoTOB, KOTopbie flejiacT bcktop 

$ (xio)) = ME{e)i{0)^ + MAi0)xie), (1.0) 

Kor^a 9 HSMeHiieTCJi ot ^o T. S^ecb HcnojibsOBano o6o3HaHeHHe 
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3to ^hcjio o6opoTOB HaabiBaeTCH hh^bkcom IlyaHKape iiHKjia x no OTHomenHio k nojiio Ba^annoMy na 
iIHKJie X, H o6o3HanaeTCH ind(x, $). Mm ne ocTanaBJiHBaeMca 3flecb na onpe^ejiennn HH^eKca IlyaHKape, 
KOTopoe HMeeTCfl, nanpHMep, b ([36], Tji. Ill n Tji. XIV), ([20], Fn. IX, §4), ([1], Tji. V, §10.4). HocKOJibKy 
B yKaaannoH jinTcpaType HH^eKC IlyaHKape bboahtca fljia nojioJKHTejibno opneHTHpoBannoH KpnBon, to b 



2 



flajibHeiinieM mm Bcro^y npeflnojiaraeM, ^^to KpHsaa x flBjiaeTCH nojioJKHTejiBHO opHeHTHpoBaHHoii. <I>yHKi];HH 
Ma h Me (|)opMyjibi |(T|), KOTopbie onpe^ejiaroTCH b cjie^yromeM naparpa(|)e, coBna^aroT npn neKOTopbix 

flOnOJIHHTejIbHblX yCJIOBHSX C KJiaCCH^eCKHMH (|)yHKLI,HaMH MajIKHHa H MejIbHHKOBa. 



§2. OcHOBHoii pe3yjibTaT 

JliLn onpeflejieHHfl (J)yHKLi;HH Me Ma paccMOTpHM pemeHHH cjie^yioineH conpajKeHHoii CHCTeMbi 

z^-if'ixm* z. (2.0) 
HMeHHO, o6o3Ha^HM Hepes 1 pemeHHe CHCTeMbi ^ c naHajibHbiM ycjiOBHeM 

z(0) = j(0)^, 

a nepes z - pemeHHe cncTeMbi ^ c Ha^^ajibHbiM ycjiOBneM 



z(0) = -J^ x(0). 

\\m\? 



HiaK, nojiojKHM 



Mm = J {z{r),g{T~e,x{T)))dT, 



s-T+e 

s+0 

M%{e) = j {z[T),g{T-e,x{T)))dT, ^,se[0,T], 

s-T+B 

r^e <•,•>- o6biT^Hoe CKajiapnoe npoHSBe^eHHe b . IlpH 3tom no onpe^ejieHHio c^^HTaeM 

Me := M%, Ma ■= Af^. 

IlepexoflHM K (J)opMyjiHpoBKe ochobhoh TeopeMbi. 

T 6 o p 6 M a 2.1. Uycmb eunoAHeno ycAoeue (C) u eoaMyut^enue e (Qp Henpepueno. UpednoAOOKUM, nmo 

dAJi Am6ux s,d ^ [0,T] paeencmeo M%(6) = Q eAenem Ma{6)^Q- {A) 

Tozda, npu docmamoHHO muaux e > ecMKoe T -nepuodunecKoe pemenue x^ eosMyineHHOu cucmeMU flp 
Heo6xoduMO manoeo, umo 

Xe{t) x{s) npu ecex t,s ^ [0, T]. (2.-3) 

EcAU aice donoAHumeAbHO UMeeM 

ind(x,$)7^1, (B) 

mo npu ecex docmamoHHO muaux e > eo3Myui,eHHasi cucmeMa (ij) deucmeumejibHO UMeem, no Kpauneu 
Mepe, dea T -nepuodunecKux pemenuji Xe,i u Xf.^2, ydoeAemeopjiwm,ux ycAoeum ^2.1\) . IToAyHeHHUM peme- 
HUMM coomeemcmeywm 0i,92 G [0,T] manue, umo 

Xe,i{t) ^ x'^'it) npne^O 

u 

Xe.2{t) -^x'^Ht) npne^O. 
EoAee mozo, pemenue x^,i AeoKum enympu u^ukau x, a pemenue 2 cnapycHcu. 



roTOBHMCfl K flOKasaTejibCTBy TeopeMbi l2.1l BsefleM ^jih SToro Heo6xoflHMbie noHHTHH h ycTanoEHM neKO- 
Topbie BcnoMoraTejibHbie (jjaKTbi. 

06o3HaHHM T^epes Q{-^to,S,) pemeHHe x nopojK^aromeH CHCTeMbi ([l]) c Ha^ajibHbiM ycjiosHeM a;(to) ~ S,- 
PaccMOTpHM cjie^yiomyio CHCTGMy (cm. [23], 4)opMyjia 3.8) 

y = {t, n{t, 0, 0)y + git, ^{t, o, 0) (2.-4) 

H o6o3HaHHM Hepes ri{-,s,^) pemeHHe y stoPl CHCTeMbi c naHajibHbiM ycjiOBneM y{s) = 0. Sflecb h ^ajiee 
^epes F^i^^ o6o3Ha^aeTCfl npoHSBOflHaa (|)yHKi];HH F no fc-ii nepeMeHHoii. IlocTaBHM b cooTBBTCTBHe CHCTBMe 
([!]) cjieflyiomHii onepaTop : ^ (cm. [T^, TeopcMa 1) 

OTMeTHM, ^TO onepaTop ne coBna^aeT c <&, o^naKO mm noxajKeM nosjKe, ^to HH^eKCbi IlyaHKape yxa- 
saHHbix onepaTopoB, noc^HTannbie na ijHKjie x, coBna^aiOT. B cjiyHae, Kor^a / = 0, to ecTb nopojK^aiomeii 
CHCTeMoii aBjiHGTCH CHCTCMa x = 0, hmcbm 

T 
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CjieflOBaTejibHO, gcjih / = 0, to ABjiaeTca, c TOHHOCTbio MHOJKHTejiH 1/T, KjiaccHHecKHM onepaTopoM 
ycpeflHeHHfl KpbijiOBa-Borojiio6oBa-MHTponojibCKoro BOSMymeHHoii cncTeMbi llj (cm. [27], (|)opMyjia 7.112). 
06o3HaHHM ^epes y pemeHHe nHHeapHSOBaHHoii CHCTeMbi ^ c HanajibHbiM ycjiOBneM 

y{0) = -J^ x(0)^ 

wmr 

IlMeeT MGCTO cjieflyiom;ee cbohctbo. 
Jl e M M a 2.1. Cnpaeedjiuea (^opMyAa 

^'{x{e)) = MX{9)x{e) + M%[e)y{e), s,6i e m. (2.-4) 

^jiH flOKasaTejibCTBa jieMMbi, a TaKJKe ^jih ^ajibHeiimHx paccyjK^eHHii HCHOJibsyeTca yTBepjKfleHHe, ko- 
Topoe Mbi ceH^ac (|)opMyjiHpyeM. 

JI e M M a 2.2. (cm. jl2^ . acmmu 1 ujiu flS^ . jicmmq 2) HMeem Mecmo (fiopMyjia 



s 

coomeemcmeeHHO 

s 

(0 - J 0'(3) (0, T, n{T,0, 0)9(.r, n{r,0, 0)dT. 

s-T 



/loKasaTCJibCTBO jicmmm 12.11 B CHjiy jicmmm 12.21 HMecM 



$■'(0= J (n)'(3)(0,T,f2(r,0,O).9(r,f^(r,0,O)dT 

s-T 
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/lajiee (cm., nanp., [16], TeopeMa 2.1), n'^3^(i, 0,xo(6')) = Y{t,0), rpfi Y{t,9) - (jayH^aMeHTajibHaH MaTpHiia 

CHCTeMbI 



(2.-4) 



y^OBjieTBopfliomafl ycjiOBHio Y{0,9) = I m Tax xaK fi'^g^ (0, t, f2(t, 0, ^))il'^3^ (t, 0, ^) = / fljia jiio6bix t S M, 
^ G M^, HMeeM 

s 

^%x{9))^ J Y-\T,9)g{T,x{T + e))dT, s,9e[0,T]. (2.-4) 

s-T 

IloKajKeM Tenepb, ^to 

Y~\T,9)^Yi9,0)Y-\T + 9,0), T,9e[0,T]. (2.-4) 

/JeftcTBHTejibHO, jierKO BH^eTb, hto Y{t + 9,0) - (jayHflaMeHTajibnafl MaTpHiia CHCTeMbi |[T]) h, TaKHM o6- 
pasoM, Y{t + 9,0)Y~^{9,0) TaxjKe HBjiaeTca (JjyHflaMeHTajibHoii MaTpHiieii ^Jia ([T]), 6ojiee Toro HMeeM 
Y{t + 9,0)Y-^{9,0) = I Bt^O. Cjie^OBaTejibHO, Y{t + 9,0)Y-^{9,0) = Y{t,9), hto SKBHBajieHTHO Q. 
IIo^CTaBJiaH ll]) B ([1]) H Hcnojibsya saMeny nepeMeHHbix t + 9 = t b HHTerpajie BbipajKeHHH ([1]) , nojiy^aeM 



^%xi9)) 



Y-\T,9)g{T,x{T + 9))dT = Y{9,0) / Y-\t + 9,0)g{T,x{T + 9))dT 



s+e 



= Y{9,0) j Y-\t,0)g{t~9,x{t))dt. 

s-T+e 

IIOJIOJKHM Z{t) = (z(t),z(t)) H 0603HaHHM HBpeS Z{t) (jjyH^aMeHTajIbHyK) MaTpHIiy COnpajKeHHOii CHCTBMbl 

([l]) Taxyio, HTO Z{Q) ~ I, HMeeM Z{t) = Z{t)Z^^{0). 3flecb h ^ajiee HcnojibsOBana aanncb (a, 5), r^e a, 6 G M^, 
fljiH o6o3Ha^eHHfl MaTpHLi;bi, nepBbiM ctojiGiiom kotopoh asjiaeTca a h btopmm b. Tlo jieMMe IleppoHa (cm. 
[34] HJiH [91 Sec. Ill, §12]) Y^^t) = Z*{t) h sna^HT 

s+e 

^\x{9)) = Y{9) j Y-\T)g{T~9,x{T))dT = 
s-T+e 

s+e 

= {Z*{9))-' j Z*{T)g{T-9,xiT))dr = 
s-T+e 



iz*i9)y 



M%{9) 



Ho, saMe^^aa, hto 



(Z*(0))-i 



i/\\mr)M^) MO) 
1 



det 



2?i(0) 



1/P(0)||2jii(0) -5?2(0) 

i/P(o)||2) j2(o) 2;i(o) 
MO) 



i/Mo)\\')Mo) (i/P(o)||2) ji(o) 
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,\l = (.T(0),y(0)) , 



J^iO) (1/P(0)f )5i(0) 
saKjiioHaeM 

(Z*(6'))"i = (^x{e), yie)j AJifl jiio6oro 6* G M. 

JleMMa flOKasana. 

B Ka^ecTBe cjie^yioinero mara na nyra k ^OKasaTejibCTBy TeopeMbi l2.1l Mbi ycTanaBjiHEaeM, hto ind(a;, $) 
md{x, (f>). KaK h b cjiy^ae (jjyHKiiHH MJ, h CHHTaeM no onpe^iejieHHio 

$ := 

Jl e M M a 2.3. Uycmb eunojiHeno ycjioeue 0P meope.MM lg.il Tozda 

ind(a;, $) = ind(J, $). 

^OKasaTejibCTBO. Onpe^ejiHM fle4)opMaLi,Hio 

\e 

^x{xm = I j {z{T),g(T-e,x{T)))dT]x{e) + 

-T+\e 



(I(r), 5(t - 5?(t))) dr (^XyiO) + (1 - A)i(0)^) , G [0, T], 



-T+AS 

Tax KaK $i(a;(6')) = ^(^(S)) h <I>o(x(0)) = ^{x{9)), to flOCTaTO^HO ycTanoBHTb, hto 

^x{x{e))^0 AJiH Bcex A G [0,1], 61 e [0,r]. (2.-11) 



Ho onpeflejieHHK) y HMeeM \jj{0),x{0) j > 0. Ho b CHJiy jinneiiHOH nesaBHCHMOCTH BeKTopoB x{9) h y{0) 
fljiH jiK)6oro 6* e [0,r] TaKJKe HMeeM (y{0)^x{9)^ \ ^ 0. IIosTOMy 



y{e),x{e)^) > AJiH jiio6oro 9 e [0,T] 



H, 3Ha^^HT, 



Ay(e') + (1 - A)i(6')-L,5(6i)^^ > ^jih jiio6oro 6i e [0,T], A e [0,r]. (2.-11) 
IIpeflnojiojKHM, ^TO ll]) He Bepno, to ecTb cymecTByroT Ao G [0, 1], 9q £ [0,T] TaKne, hto 

$A„(i(0o))-O. 

y^HTbiBaH ([ll), H3 nocjie^Hero paeeHCTBa saKjiio^aeM, ^to 

J (ziT),giT-eo,x{T)))dT = H y {I{T),g{T-0o,x{T)))dT = O. 

—T+\q9o —T+XqOq 

Ho Ao^o G [Oj^^] II, cjieflOBaTejibHO, nocjie^nee cooTHomeHne npoTHBope^HT npe^nojiojKeHHio l^]) . 
JleMMa flOKasana. 

HaKOHen;, naM Heo6xoflHMO cjie^yiomee yTBepxcfleHHe. 
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Jl e M M a 2.4. OyuK-nusi x E C([0,T],R^) jiejiJiemcji T -nepuodunecKUM pemenueM cucmeMU (Qp mozda u 
moMKO mozda, Kozda ^yuK-nuM, 

i^{t) ^n{0,t,x{t)), teR (2.-11) 

jioAJiemcM pemenueM cucmeMU 

V = e^3)(0, t, ^(t, 0, v))g{t, n{t, 0, ly)), te M, 
ydoeAemeopsiwinuM ycjioeuto = Q.{T,{)^v{T)). 

/loKasaTejibCTBO. npoHSBe^eM b cncTeMe Jl]) saMeny nepeMenHMx 

x{t) =^l{t,Q,v{t)). (2.-11) 

<l>opMyjia ^ KajK/iOMy v G C([0, T],'E?) CTaBHT b cooTBeTCTBHe x G C([0, r],R^) roMeoMop4)HO, h o6paTHoe 
OTo6pa}KeHHe ^aeTCH (jjopMyjiOH (|2.4p . Cue^OBaTejibHO, c^ymnxaR x aBJiaeicsi pemeHneM CHCTeMbi |(T]) Tor/ia 
H TOJibKO Tor^a, Kor^a (jjyHKiiHfl j/, BBe^eHHaa no saKony (|2.4p . y^OBjieTBopaeT cjieflyiomeMy paBencTBy 

0, i/(t)) + (t, 0, i^(i));>(t) - eg{t, nit, 0, i.(f))) + 

+fm,0,iy{t))), teR. (2.-11) 

Ilo onpe^ejieHHio 4)yHKi];HH Q HMeeM 

^i)(t,0,Kt))-/(f^(i,0,Ki))), 

no3TOMy, y^HTbiBaa, hto 

^3)(o,t,C!(i,o,0)f^(3)(i,o,e) = /, tGR, eeR', 

CHCTeMa l|2.-10p MOJKeT 6biTb nepenHcana b bh^g 

i'it) ^en[^^{0,t,n{t,0,iy{t)))g{t,n{t,0,iy{t))), teR. (2.-11) 
PaccMOTpHM npoH3BOJibHoe T-nepHO^HHecKoe pemeHHe x cncTeMbi ([T]). HMeeM 

iy{0) = f7(0, 0, a;(0)) = x(0) x{T) ^ n{T, 0, :/(r)). 

JleMMa flOKasana. 

06o3HaHHM ^epes [/ C BHyTpenHOCTb ijHKJia x. 

^jifl flOKasaTejibCTBa TeopeMbi 12.11 paccMOTpHM Bnojine HenpepbiBHbiH HHTerpajibHbiii onepaTop ■ 

c([o,r],M2) ^ c([o,r],R2) 

t t 

{Qex)[t) ^ x{T) + J fix{T))dT + e J giT,x{T))dT, t e [0,T] (2.-11) 



Ha MHOSCeCTBB 

Wu^ {xe C([0, T],R^) : x{t) £ U, ^jih jiio6oro te[0,T]}. 

Hepe3 d{I — F, W) 6yfleM o6o3Ha^aTb CTenenb Jleps-IIIayflepa npeo6pa30BaHHa I — F : W ^ R"^ othoch- 
TejibHO Hyjifl (cm. [19| . Fji. I, §5). HHor^a, HTo6bi nofl^epKHyTb, hto F aaflano b npocTpancTBe E mm 6yfleM 
nncaTb dsil — F, W). 



OcHOBHyio pojib B flOKasaTejibCTBe xeopeMbi 1 2 . 1 1 nrpaex cjie^yromaa TeopeMa, 
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T e o p e M a 2.2. Ecau 

^'^iO 7^ JiKiBozo ^ £ dU u Am6o20 s £ [0, T], 
mo cyinecmeyem eo > muKoe, umo npu e G (0, eo] cnpaeedAueu CAedywinue ymeepcHcdeHUM 

1) Sam aw6ozo x G C([0,T],R^) maKoso, nmo QgX ~ x umccm x{t) ^ dU Oam ecex t G [0,r], e Hacmno- 
cmu, onepamop ne UMeem nenodeucHCHUx moHCK na dWjj', 

2) d{I ~ Qe, Wu) - ind(J, $), e G (0, eo]- 

yTsepjKfleHHe 2) TeopeMbi l2.2l BnepBbie npe^jiojKeHO b ^HnjiOMHofi pa6oTe |22) aBTopa h ony6jiHKOBaHO b 
|12| (Teopena 2). 3>opMyjiHpoBKa pesyjibTaia o cymecTBOBaHHH nepno^HHecKHx pemeHHii pjia BOSMymeHHoii 
CHCTeMbi ([T]), HenocpeflCTBeHHO cjie^yioinero h3 yTBepjKfleHHH 2), BnepBbie ony6jiHKOBaHa b |14)(TeopeMa 1). 
IlocKOJibKy flOKasaTejibCTBO o^Horo jiHinb yTBepjKflenHfl 1) dohth coBna^aeT c flOKasaTejibCTBOM o6ohx 
yTBepjK^eHHH 1) h 2), naM noKasajiocb Li,ejiecoo6pa3HbiM npHBecTH HHJKe nojiHoe ^OKasaTejibCTBO Teope- 
Mbi l2.2l TeM 6ojiee, oho SHa^^HTejibHO npome, ^eM npHBe^eHHoe b |12) . r^e BOSMymeHHaa CHCTSMa HMeeT ^Ba 
co^epjKainHx e > cjiaraeMbix h e > bxc^ht b sth cjiaraeMbie c pasHbiMH CTenenflMH. 

Teopena 12.21 aBJiaexcfl pasBHTHeM pesyjibTaTOB ^>k. MaBena, KOTopbiii ycTanoBHJi (cm. |24| h [25]) noxo- 
jKHe yTBepjK^ieHHfl b cjiynae HyjieBofi hjih jiHHeHHoii nopo^K^aromeii CHCTeMbi. Xota Maben paccMaTpHBaji 
cjiy^aii npocTpancTBa R", flOKasaTejibCTBO xeopeMbi 12.21 HeMemieHHO nepenocHTCH h na n-MepHbiii CJIy^^aH. 
/loKasaTejibCTBO TeopeMbi 12.21 nojiojKHM 



T(t, = r!'(3) (0, t, ^{t, 0, 0)9it, ^{t, 0, 0)- 

CorjiacHO jieMMe [2741 Kaacjofl HenoflBHJKHoii tohkb h3 Wu onepaTopa cooTBeTCTByeT HenoflBHJKHaa Tonxa 
(|2.4p onepaTopa 



(Gei/)(i) = n{T, 0, i.(T)) + y T(r, i.(r))dT 



KOTopaa, KaK jierxo npoBepHTb, bhobb npHna^jiejKHT Wu- Cjie^OBaTejibHO, ecjiH d{I — G^, Wu) onpe^ejien, 
TO, B CHJiy (|15j. TeopeMa 26.4), HMeeM 

d{I-Qe,Wu)^d{I-G,,Wu). 
B npocTpancTBe C([0,T],M^) paccMOTpHM BcnoMoraTejibHbra bnojine HenpepbiBHbra onepaTop 

T 

{A,v){t)=n{T,Q,v{T))~e [ T(r,KT))dr 



H noKajKeM, hto npn floCTaTO^HO Majibix e > nojia / — Gg h / — roMOTonnbi na rpanHiie MHOJKecTBa 
Wu- 3aflaflHM cjieflyiomyio flecJsopMaiiHio 

\t+{l-X)T 

D,{\y){t)^y{t)-^l{T,Q,y{T))-e ( T{T,y{T))dT, 



coeflHHHiomylO nojia h Gi,e- IloKajKeM, ^to npn floCTaTOHHO Majibix e > fle(|)opMaiiHH HebbipojK- 
flena na rpanniie MHOJKecTBa Wu- A-na SToro 6yfleT flOKasano 6ojiee CHJibHoe yTBepjKfleHHe, KOTopoe 6y^eT 
Hcnojib30BaHO 3aTeM ^jifl ^OKasaTejibCTBa yTBepjKflenHfl 1), a HMenno noxajKeM, ^to cymecTByeT Eq > Ta- 
Koe, HTO npH Bcex e G (0,eo] h A G [0, 1] xajK^oe pemeHHe ypaBneHHa Di.(\, v) = v y^OBjieTBopaeT ycjiOBHio 



8 



h'it) ^ dU npH Bcex t G [0,T]. IlpeflnojioJKHM, ^^to sto ne Tax. Tor^a ^jih npoHSBOJibHoii nocjieflOBaTejib- 
HOCTH {£k}'^^i C (0,1] TaKoii, HTO £ — > npH k —> CO HaiiflyTCH nocjie^OBaTejiBHOCTH {Afe}^]^ C [0,1] h 

{'^k}^=l C C([0,T],M2)^ npH KOTOpblX 

Afct+{i-Afc)r 

Mt)=^iT,0,MT))+£k J Tir, iy^iT))dT, te[0,T] (2.-11) 



z.fc([O,T])naC/^0. (2.-11) 

Tax KaK nocjieflOBaTejibHOCTb hhcgji {Afej^j^ orpanHHena, to h3 nee mojkho Bbi^ejiHTb cxo^flinyioca no^no- 
cjieflOBaTejibHOCTb. IloaTOMy, 6e3 orpaHH^eHHa o6iri;HOCTH MOJKeM CHHTaTb, hto nocjieflOBaTejibHOCTb {A^}^]^ 
cxo^HTCfl. Hs ll]) cjie^yeT, ^to (jjyHKiiHH nocjie^OBaTejibHOCTH {vk}'f°^i paBHOMepno orpaHH^enbi. IIosTOMy, 
Ha ocHOBaHHH HenpepbiBHOCTH (|)yHKLi,HH T HaiifleTCH KOHCTaHTa Co > Taxaa, hto ||T(t, t'fc(t))|| < cq, 
t e [0, T], fc g N, H fljiH jiio6bix ii, t2 £ [0, T], G N HMeeM oijeHKy 

Afci2 + (l-AfcT) 

y T(T,Zfc(r))dr 

[\fcti + (l-Afc)T 

H3 KOTopoii cjieflyeT, hto 4)yHKi];HH nocjieflOBaTejibHOCTH {i^k}'kLi paBHOCTenenHO HenpepbiBHbi. SnaHHT, 
npHMenafl TeopeMy Apijejia, h3 3toh nocjie^OBaTejibHOCTH mojkho Bbi^ejiHTb cxoflHmyiocH noflnocjieflOBa- 

TejIbHOCTb. IIoSTOMy Mbl 6e3 OrpaHHHeHHH o6iri,HOCTH MOJKeM CHHTaTb, ^TO nOCJieflOBaTejIbHOCTb {Vk}'^^i 

cxo^HTCfl. IIojiojKHM Xq = liiiifc^oo Afc H I'o = linifc^oo i^k- Tor^a Xq G [0, 1] h i'o([0,T]) n dU ^ 0. Tax xax 
i^k ^ npH /c — )■ oo, TO 4)yHKLi;Ha i^q nocTOSHHa. CooTHomeHHe |[T|) 3KBHBajieHTH0 cymecTBOBaHHio HHCJia 
tfe G [0,T] TaKoro, ^to Vk{tk) G dU. Tor^a 



hk{t2)-Mti)\\^£k 



< £kXk{t2 - ti)ca, 



n{T,Q,yk{tk))^yk{tk). k^n. 



(2.-11) 



BbiHHTaa H3 paBGHCTBa ([T]), 3anHcaHHoro npn t — T, sto jkg paBencTBO, 3anHcaHHoe npn t = tn, nojiy^aeM 

T 

Vk{T) - Ukitk) = £k j T{T,Vk{T))dT. (2.-11) 

Afctfc-l-(l-Afc)T 

Ha ocHOBaHHH |[T|) BbipajKeHne ([T]) npn t = T mojkho nepenncaTb b bh^g 

T 

+£k j T(t, ZkiT))dT, 


HJIH 

(I ^ n[,^{T,0,iykitkmMT) - Mtk)) = 

T 

= ek j T{T,Uk{T))dT + o{vk{tk).MT) - Mik)). (2.-13) 



r^e (JjyHKiiHH o{^,h) y^OBjieTBopaeT cooTHomeHHio 

^%5^^0, npH||/i||^0, eeK'. (2.-13) 



IloflCTaBjiflH 11]) B (|2.-12p . nojiynaeM paBencTBO 

T 



T(r,i.fe(r))dr + 



o{vk{tk), yk{T) - Vk{tk)) 



(2.-13) 



Ha IIJ cjie^yeT, hto naiifleTca KOHCTanTa c > Taxafl, ^to 

||i/fe(T)-i/fe(ife)|| <cefc. 

OTKy^a 



£k 



< c 



\Wk{T)~Mtk)\\ 



H3 |T|), y^HTbiBaa to, hto snaHeHHH (jayHKiinii Vk orpanHHeHbi paBHOMepno no /c G N, cjie^yeT, ^^to 

o{yk{tk), Vk{T) - Vkitk)) 



£k 



npH k — > oo. 



CoBepniHB, yHHTbiBaa ([T]), npeflejibHbiii nepexo^ npn fc — > oo b (|2.-12p . nojiy^HM 



T T 

(/-r!'(3)(r,0,6)) 1 T(r,Co)rfr = J T(r,eo)dT, 

s 



(2.-13) 



(2.-13) 



f)'(3) (T, 0, ^o)f^(3) (0, r, f](r, 0, Co))5(t, ^^(t, 0, eo))rfT - 



i]'(3) (0, T, n{T, 0, Co))5(t, n^T, 0, ^o))dT = 0, 



(2.-13) 



r^e s = lim/c^oo (Afctfe + (1 — Xk)T) e [0, T]. Xlojibsyacb jieMMofl 12.21 paBencxBO l|2.-12p mojkho nepenncaTb 
B BH^e 

v{T,s,£,o) - 77(0, s,^o) = 0, 

B ^eM npoTHBope^He c npeflnojioJKeHneM TeopeMbi. TaKHM o6pa30M, cymecTByeT Eq > Taxoe, hto npn Bcex 
£ € (0, Eo] H A G [0,1] KajKfloe pemenHe ypaBHeHHs D£(A, z^) = v yflOBjieTBopaeT ycjiOBHio iy{t) ^ dU npn 
Bcex t e [0, r]. IIpH A = 1 nojiyHeHHbiii pesyjibTaT coBna^aeT c yTBepjKfleHneM 1) TeopeMbi. IlepeH^eM k 
flOKaaaxejibCTBy yTBepjKfleHHH 2). Kax yjKe roBopHjiocb, ^OKasaHHoe cbohctbo oBnaHaeT, b ^acTHOCTH, hto 



D,{\v)^Q, Ae [0,1], uedWu, ee (0,eo], 



(2.-13) 



TO ecTb nojifl I — Ge vi I — roMOTonnbi na rpanniie MHOJKecTBa Wu npn e S (0,eo]- 06o3HaHHM He- 
pes Co([0,T],M^) no^npocTpancTBO npocTpancTBa C([0, T], M^), cocToamee h3 Bcex nocToannbix 4)yHKL(HH, 
onpeflejieHHbix na OTpesKe [0, T] h npHHHMaiomHx snaHeHHH b R^. IlMeeM Ai:{dWu) C Co([0, T], R^). /Jajiee, 
no nocTpoennro MHOJKecTBO M^tj co^epjKHT (jaynKiinn, TOJKflecTBenno paBHbie nponsBOJibnoMy (J)HKCHpoBaH- 
HOMy sjieMenTy h3 U. HaKonen,, h3 |(T|) npn A = nojiy^aeM 



A,iv)^iy, vedWu, ee (0,eo], 
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OTKyfla, y^HTbiBaa cooTHomenHe d{Wu r\Co{[0,T],'R'^)) C dWu, cjie/iyeT, ^to npn e G (0,eo] none I — ne 
HMeeT Hyjieii na rpanniie MHOJKecTBa Wu H Co([0, T], R^). IlosTOMy, npn e G (0,eo] saKOHHO cyjKeHne nojia 
/ — Ha no^npocTpaHCTBO Co([0, T], R^), ^^to osHai^aeT 

dcao,T],R-)iI - Ae,Wu) = dco([0,T],R-)(/- H Cq ([0, T] , R^)) , (2.-13) 

r^e B jieBoii h npaBofi nacTHx paBencTBa sanncaHM TonojiorHHecKne CTenenn b npocTpancTBax C([0,T],R^) 
H Co([0,T],R^) cooTBeTCTBeHHO. 

3aMeTHM, HTO nocToaHHaa (jjyHKiiHH g M^j/ H Co([0, r],R^) Tor^a h tojibko Tor^a flBjiaeTca pemeHneM 
ypaBHeHHfl Ai^v ~ ly, Kor^a sjieneHT ^ = z^(0) flBJiaeTca pemeHneM ypaBneHHa = ^, r^e 

T 



IIpHMeHflH TeopeMy 06 SKBHBajieHTHbix ypaBHeHHHx k ypaBneHHHM As^v — u m A'^^ = ^, a saieM TeopeMy o 
nepexofle k noflnpocTpancTBy, npn e G (0, £0] nojiynaeM 

dcoi[o,T].M^) iI-A„Wun Co([0, T] , r2)) = (/ - [/). (2.-13) 

T^jiH BbiHHCJieHHH TonojiorHHecKOH cxeneHH d]^2{I — A^^U) nojio:?KHM 



Tax KaK (/ — ^°)(0 = ^i.e^i S, € to npH e G (0,eo] HMeeM 

dK2(/-A°,i7) =dK2(Ai,„;7). (2.-13) 

IloKajKeM, HTO BeKTopHbie nojifl ^ h Ai 1 roMOTonnbi na rpanHije MHOJKecTBa J7 npn e G (0, Eq]- Safla^HM 
jiHHeHHyK) ^ecjjopMaiiHK) 



i?i.,(A, = (Ae + 1 - A) y T(t, ^dr, ^ G 



H ycTanoBHM, hto ona HeBbipoxcfleHa na rpanHije MHOJKecTBa U. npeflnojiojKHM npoTHBHoe, Tor^a ^jih neKO- 
Topbix A G [0, 1], ^ G dU H e G (0, eo) Sy^eM nneTb 

T 



(Aoe-Hl-A) J T(T,OdT = 0, 



OTKy^a 



J T{T,OdT = 0, 


^TO, B CHjiy jieMMbi r2.2[ npoTHBope^HT ycjiOBHSM TeopeMbi. TaKHM o6pa30M, nojibsyacb jieMMoii 12.21 

d«2{Ai,,,U) = du2{Ai,uU) = d^2{-r,{T,0,-),U). (2.-13) 
HoflCTaBjiflH B (III), nojiy^aeM 

AlU)^d«2{-rj{T,0,-),U), ee{0,eo). (2.-13) 
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IloflCTaBjiflH III B ([T]) , nojibsyacb roMOTonnocTbio nojieii I — u I — Ge h cooTHomeHHeM ([T]) , OKOHnaTejibHO 
HMeeM 

dcao,T],R-)iI - G,,Wu) ^ dR2{~r,iT,0,-),U), ee (0,£o]- 

Ho nojie r]{T, 0, •) nojiy^aeTCfl h3 nojia —rj(T, 0, •) HenpepbiBHbiM noBopoTOM Bcex BeKTopoB na 180*^ npoTHB 
^^acoBoii CTpejiKH, cjie^OBaTejibHO 

d^.{-Tj{T,0,-),U) = d^2{r,{T,0,-),U). 

Tlo onpeflejieHHK) MHOJKecTBa U h, nojibsyacb nesaBHCHMOCTbio TonojiorH^ecKoii CTenenn ot cnoco6a ee 
onpe^ejieHHfl (cm. [T^, yTBep>KfleHHe c. 17), HMeeM (r/(T, 0, •), U) = ind(a;, 77(T, 0, •)) = ind(a;, $). 
TeopeMa flOKaaana. 

Bee roTOBO ^Jia Toro, ^To6bi nepeiiTH k ^OKasaTejibCTBy xeopeMbi 12.11 
^OKasaTejibCTBO TeopeMbi 12.11 IlycTb eo > to, o KOTopoM roBopHTca b TeopeMe 12. 2[ 
Tor^a, y^HTbiBaa TaKJKe jieMMbi 12.11 h 12.31 

d{Qs,Wu) = ind(x, $) ^jih jiio6bix e G (0, Eq] 

H nojibsyflCb npe^nojioJKeHHeM ([B|, 

d{Qe, Wu) ^ 1, flJifl Jiro6bix e e (0, Eq]- (2.-13) 

nojioiKHM Ug = U\Bs{dU), Uj = UU Bs{dU). S^ecb H flajiee ^^epe3 Bs{D) o6o3HaHeHa J-OKpecTHOCTb 
MHOJKecTBa D B HopMe co^epjKamero D npocTpancTBa. Ha ocHOBannH ycjiOBHs (C) mojkho 3a(|)HKCHpoBaTb 
TaKoe ^0 > Oi ^TO nopojK/iaiomafl cncTeMa ([l]) ne HMeeT T-nepno^HHecKHx pemeHHH c naHajibHbiMH ycjiOBH- 
aMH H3 dUg U dUg' npH Bcex S £ (0, 5o]. Bea orpaHHHeHHH oGiuhocth MOJKeM CTHTaTb, ^to > Bbi6paH0 
floCTaTOHHO MajibiM TaK, HTO Ug ^ 0. Ho TeopeMe KaneTTO-MaBeHa-SanojiHHa ([4], Cjie^CTBHe 1) HMeeM 

^(QcM^t/-) = dR2(/,C/7) H d{QQ,Wjj^) = du2if,U^) npn Bcex S G (0,Jo]- 

Be3 OrpaHHHeHHH o6iri,HOCTH MOJKHO C^HTaTb, ^TO MajIOCTb Sq > flOCTaTOHHa flJIH TOrO, T^T06bI 

dR2 (/, C/7) = dR2 (/, C/+) ^ rfR2 (/, U), Se (0, <5o]. 

Ho TeopeMe HyanKape (cm. JlecjsineLi; |201 TeopeMa 11.1] hjih KpacHocejibCKHH h ^p. |17l TeopeMa 2.3]) HMeeM 
c^R2(/, U) ^1, HOSTOMy 

diQo, Wjj- ) = (i((9o, W^(7+ ) = 1 npH Bcex S G (0, 6o]. 

TaKHM o6pa30M, xajK^OMy 5 G (0, 5q] cooTBeTCTByeT > Taxoe, ^^to 

d{Q,,Wjj-) = d{Q„Wjj+) ^1 npH Bcex e G (0,^5] H (5 G (0,(5o]. (2.-13) 

Bea orpaHH^eHHfl o6iri;HOCTH mojkho CHHTaTb, ^^to es < £o npn Bcex S G (0, Sq]. Tor^a, h3 ([T]) h |[T|) nojiy^aeM, 
^TO npH Bcex S G (0, Sq] vi e £ (0, es] CHCTeMa JT]) HMeeT, no KpaHneii Mepe, ^Ba T-nepno^HHecKHx pemeHHH 
Xg^i G Wu\W^- H x^^2 G W^+\Wu- H3 SToro, b nacTHOCTH, HMeeM X£^i(0) G U, ^5^2(0) ^ U n, HCHOJibsya 
yTBepjK^eHHe 1) TeopeMbi 12.21 saxjiro^aeM, ^to 2:e,i(i) G U, Xe,2(t) ^ U npn Bcex t G [0,r]. 
TeopeMa flOKaaana. 
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§3. BbmHCJieHHe HH^eKca 

B HacTOflmeM naparpacjje noKasMBaeTca, hto ecjiH (|)yHKi];Hfl M HMeeT poBHO ^Ba nyjiH na HHTepBa- 
jie [0, r), TO npoBepxa ycjiOBHa ([B]) otjihhhh ot +1 HH^eKca IlyaHKape, yHacTByiomero b (jjopMyjinpoBKe 
TeopeMbi 12.11 CBOflHTCfl k npoBepxe ajire6paHHecKoro HepaBencTBa. Ochobhmm 6yfleT HBjiHTbCH cjie^yioinee 
yTBepjK^eHHe. 

T e o p e M a 3.1. Uycmb eosMyineHue e flp Henpepueno. IIpednojiooKUM, nmo (^yHKV,uji Me UMeem poena 
dea uyAM 6i u 62 na unmepeaAe [0,r). Tozda, ecjiu Me cmpozo MOHomoHua e moHKax 9i u O2 u 

Ma(^i)-M^(02) <0, 

mo Au6o ind(a;, $) — 0, au6o ind(a;, $) — 2. 

/loKaaaTejibCTBO TeopeMbi ocHOBano na cjieflyromeii jiemme. 

JI e M M a 3.1. (cm. f21^ . JIcmmu 5) Uycmb q : [0, T] ^ K^, q{0) = q(T) - otcopdanoea Kpuean uij: :M? 

- Hcnpcpueuoe eenmopHoe noAC manoe, nmo Tp{q{t)) 7^ Oam nacitcdozo t G [0, T]. ITpednoAOOKUM, nmo 

cymccmeyem nanpaeAMWinaji (fiyHKi^uji z : [0,T] M^, z(0) = z(T) manaji, nmo: 

1) {z{0),q{0)) ^ dAM KttOKdozo e [0,T], 

2) CKaAMpHttM (fjyHKiijUM a{0) = (^Jj{q{0)), z{0)) UMcem poeno dea uyAM, 01,02 na unmepeaAe [0,T) u 
cmpozo MOHomoHua e amux mounax, 

3) signU{q{0i))A ''^^'^ I )=-signU(g(02)), I ^'^^'^ 
Tozda Au6o ind(g, ij)) ~ 0, au6o ind((j, ip) = 2. 



OTMeTHM, T^TO jieMMa lSTll gBjifleTCg yTO^^HeHHeM TeopeMbi Bopcyxa-yjiaMa [2] o ^eTHbix BexTopHbix nojiax 
fljiH paccMaTpHBaeMoro cneiinajibHoro cjiyHaa. 



/loKasaTejibCTBO TeopeMbi 13.11 HcnojibsyeM jieMMv 13711 /Jjia SToro Bbi6epeM q = x, ij) = ^, 
z = X. IlMeeM 

a{0) = -ME{0) H (^Hm),l ''f^^\^=-{Hm)M0)^)^-MA{O). 



To ecTb ycjiOBHfl jieMMbi [3.11 coBnaiiaiOT c npe^nojiojKeHHHMH flOKasbiBaeMoii TeopeMbi, hto saBepmaeT ^o- 
KasaTejibCTBO. 



3aMeHaHHe 3.1 Bepua meopcMa, noAyHCHuasi U3 meopcMU \ 3.1\ aaMCHOu Ma na Me u, coomeem- 
cmecHHO, Me na Ma- 

SaMe^aHHe 3.2 AuaAozuuHue meopcMC \3.1\ ymeepotcdcHUJi Mozym 6umb doKaaami e cjiynae, Kozda 
iM Me UMcem npouaeoAbuoe hucao HyAcu. B amoM CAynae Heo6xoduMO mpe6oeamb, Hmo6u ananu 
Ma e amux uyAMX nodxodfimuM o6pa30M HcpedoeaAucb. 
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§4. ConocTaBJieHHe c TeopeMaMH MajiKHHa h MejibHHKOBa 

B nepByio OHepe^b mm ycTaHOBHM, ^to (JjyHKiiHfl Ma coBna^aeT c (jjyHKiiHeii MajiKHHa b cjiy^ae, Kor^a 
BbinojiHeHbi ycjiOBHfl MajiKHHa (Cj\/a), a (JjyHKiiHH Me c (|)yHKi];HeH MejiBHHKOBa b cjiy^ae, Kor^a Bbinoji- 
HeHbi ycjiOBHH MejibHHKOBa (Cme) h neKOTopbie ^onojiHHTejibHbie CBOiicTBa CHMMeTpHH. 

B pa6oTe |23j H. F. MajiKHH b npe^nojiojKeHHH (Cma) onpe^ejiHeT 6H(J)ypKaLi,HOHHyK) (jsyHKiinro Ma kek 
(cm. [23], 4)opMyjia 3.13) 

T 

MA{e)= J (l{T),g{T^0,x{T)))dT, 


r^e 'z - T-nepHOflH^ecKoe pemeHne conpajKeHHoii CHCTeMbi ((!]) , yflOBJieTBoparomee ycjiOBHK) 

(f(0),j(0)) = l. (4.0) 

B |23) OTMe^aeTCfl, hto TaKoii Bbi6op Bcer^a BOSMOJKeH (cm. |23) . (JjopMyjibi 2.13 h 3.7). IlpH ycjiOBHH (Cma) 
TaKoii Bbi6op Heo6xoflHMO eflHHCTBeneH, to ecTb (|)yHKLi,HH MajiKHHa onpe^ejiena o^HOSHaHHO. B 3toh jkb 
pa6oTe MajiKHH npe^jiaracT cjieflyiomHii pesyjibTaT (cm. [23], yTBepjKflenHe c. 638). 

TeopeMa MajiKHHa. Uycmb npaeasi Hacmb eosMyineHHOu cucmcMU (Qp Henpepueno duipipepewnu- 
pyeMa u eunojiHenu ycAoeuM MaAKuna (Cm a)- Ecjiu eoaMyvneuHasi cucmeMa (Qp UMeem npu docmamoHHO 
MttJiux £ > T -nepuoduuecKoe pemeuue Xg manoe, nmo 

Xe{t) ^x'^°{t) npH£^0, (4.0) 

mo 

MAieo) = 0. 

EcAU Dice eMecme c ynaaaHHUM Heo6xoduMUM ycjioeucM uyAb 6q siejisiemcM, npocmuM, mo ecmb Ma{Oq) ^ 
0, mo npu ecex docmamoHHO moauxe > eosMyineHHaji cucmeMa {Ip deucmeumeAbuo UMcemT -nepuoduHCCKoe 
peuicHue Xe, ydoeAcmeopjimu^ee (Qp. 

Cjieflyiomee yTBepjK^eHHe ^acT ycjiOBne, npn KOTopbix Ma{0) hc saBHCHT ot s h coBnaflacT c Ma- 

JI e M M a 4.1 Uycmb eunoAHCHO ycAoeue MaAKuna (Cma)- Ecau y MBAMcmcsi co6cmeeHHOu (^yHKU,ueu au- 
HcapuaoeaHHOu cucmcMU (Qp, mo peuienue z - T -nepuodunecKoe. B nacmnocmu, 

MXiO) = MAid) npu ecex 3,6 e [0,T]. 

^OKasaTejibCTBO. XlycTb z- T-nepno^HHecKaa (|)yHKLi;HH, y^acTByromaa b onpe^ejienHH (jsyHKijHH Ma, 
H, cjie^OBaTejibHO, y^OBJieTBoparomafl ((!]). Tax xax y - co6cTBeHHafl 4)yHKiiHfl CHCTeMbi Jl]), to, y^HTbiBaa 
ycjiOBHC (Cma), cymecTBycT p ^ I Taxoe, hto 

y(T) = py(0). 

Ho, B CHJiy jieMMbi IleppoHa (cm. |34j hjih [9l Sec. Ill, §12]), 

(m,m) = {m,y{T)) , 
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HTO B03M0JKH0 TOJibKO B cjiy^ae, Kor^a 

(i(0),y(0)) = 0. 

C flpyroii CTopoHbi no onpeflejienHio z 

(z(0),j(0)) = l H (£(0),y(0)) =0. 

TaKHM o6pa30M, eeKTopbi ^(0) h z(0) b CKajiapnoM npoHSBeflennH xax c BexTopoM a;(0), Tax h c BexTopoM 
y(0) npHHHMaroT o^hh h tb jxe SHai^eHHH. Cjie^OBaTejibHO z(0) = ^(0). 
JleMMa flOKasana. 

TaKHM o6pa30M, npn BbinojiHeHHH ycjiOBnii jieMMbi [4.11 npoBepxa ycjiOBHii xeopeMbi 12 . 1 1 ynpomaexcg . 
06paTHMCfl Tenepb k cjiy^aio MejibHHKOBa (Cme)- B pa6oTe [26] MejibHHKOB bbo^ht (jjyHKiiHio (cm. |26j . 
(J)opMyjia fl,jisi ^o(''^)7 c. 42) 

T 

Mb (61) = J det 



H ycTanaBjiMBaeT cjieflyiomHii pesyjibTaT (cm. [26], JleMMa 7). 

TeopeMa MejibHHKOBa. Uycmb npaeasi nacmb eosMyineHHOu cucmeMU (Qp deaotcdu 
nenpepueno du(p(pepeH'nupyeMa u ii^uka x eAOOKen e Henomopoe ceMeucmeo v,UKAoe nopootcdamineu suMUAb- 
moHoeou cucmcMU (Ij). Uycmb eunoAnenu ycAoeuM MeAbHUKoea (Cme)- Ecau eosMyineHHaji cucmeMa {!]) 
UMeem npu docmamoHHO muaux e > T -nepuodunecKoe pemenue x^, cxodnvneecn k u^uKAy x npu e c 
moHHOcmbw do cdeuoKKU, mo cymecmeyem 9q G [0, T] manoe, nmo 

Me{0o) = 0. 

Ecau a/ce OMCcme c ynaaaHHUM Heo6xoduMUM ycAoeucM uyAb 0o MSAJiemcM npocmuM, mo ecmb Me'{0o) ^ 
0, mo npu ecex docmamoHHO muaux e > eosMyu^cHHaM cucmcMa (ij) deucmeumcAbuo UMcem T -nepuodunecKoe 
pemenue x^ manoe, nmo eunoAHCHO (Qp. 

Ha caMOM ^ejie, b iiHTHpoBanHoii pa6oTe MejibHHKOB paccMaTpHBaji cjiy^aii anajiHTHHecKHx npaBbix 
^acTCH, HO fljifl HHTepecyromero nac yTBepjK^eHHH fleiicTBHTejibHO flocTaTO^HO Tpe6oBaTb flBOHHoii nenpe- 
pbiBHOH flHcjjcjjepeHiiHpyeMOCTH, cooTBeTCTByiomaH (|)opMyjiHpoBKa h flOKasaTejibCTBO HMecTCH, nanpHMcp, 
B [8], TeopeMa 4.6.2. 

^jiH 4)yHKLi,HH ycjiOBHH ee HesaBHCHMOCTH OT s H coBna^eHHa c Me nojiy^aroTCH neo^HHaKOBbiMH. 
K BbiBOfly yKasaHHbix ycjiOBHii mm nepexo^HM. 

YcTaHOBHM BHa^^aJIe o^ho BcnoMoraTCJibHoe yTBepjKfleHHe. 

JI e M M a 4.2. UpednoAoofcuM, nmo T -nepuoduHecKUM cucmejua 

ii = A{t)u, u£R^ (4.0) 

UMeem MyAbmunAUKamop +1 aAze6paunecKou Kpamnocmu 2, u u - T -nepuodunecKoe pemenue amou cu- 
cmcMU manoe, nmo 

wi(0) = 0, U2(0) ^0. 



(j(r),5(T-^,5?(r)) 



dr. 
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Tozda Sah pemeHun u cucmeMU ydoeAemeopM70ui,e30 ycAoeuw 

ui(0) ^0, ^2(0) -0, 

cnpaeedAuea (fjopMi/Aa 

u{t + T)=u{t) + '^^^u{t), teR. 

"2(0) 

/loKasaTejibCTBO. 06o3HaHHM ^epes X HopMnpoBanHyio (^(0) = /) (JsyHflaMeHTajibnyio MaTpniiy 

CHCxeMbi (|4.2p . Tax kek X{T(^) = , to X(To) = . Ho ycjiOBHK) jieMMM X(T) HMeeT 

1 / \ 1 / \ h I 

10 

flea co6cTBeHHbix 3Ha^^eHHH +1, SHa^HT X{Tq) = , T}\e & G K. - neKOTopoe hhcjio. IlMeeM 

h 1 

X{t + Ta)u{Q) = X{t)X{To)u{0)=X{t)\ ^ ° I m(0) = X(t)w(0) + 



6 1/ \ 6ui(0) 



M2(0) 



B TO >Ke BpeMfl 

X{T^)u{0) =1 , 

6 1/ \ 62i(0) 



, 1 \ / 

X(ro)?^(0) = u{Q) = u{Q) 



OTKy^a 6wi(0) = U2{T). JleMMa flOKasana. 

Cjieflyiomafl jieMMa yTBepjK^aeT, ^to BbinojineHHe ycjiOBna MejibHHKOBa (Cme) AOCTaTOHHO fljia nesa- 

BHCHMOCTH M^{d) OT S (b CJiy^ae MajIKHHa 6bIJIH HyjKHbl flOnOJIHHTejIbHbie yCJIOBHH, CM. JieMMV |4?2|) . 

Jl e M M a 4.3. Ecau aAsedpaunecKaji Kpairmocmb MyAbmunAUKamopa +1 AuueapuaoeaHHOu cucmeMU (JD 
paena 2, mo pemenue z MSAJiemcji T -nepuoduuecKUM. B uacmHocmu, M^{6) ne aaeucum om s. 



YcjiOBHe jieMMbi r4.3l BbinojiHeHO xax b cjiy^ae MejibHHKOBa (Cme), Tax h b BbipojKfleHHOM cjiy^ae, Kor^a 
KajKfloe pemeHHe cncTeMbi ([T]) aBjiaeTca T-uepnoffaHecKHM. 
^OKasaTejibCTBO jieMMbi 14.31 IlycTb 9 £ [0, T] TaxoBO, ^to 

xi{0)=O. (4.-2) 

Tor^a 4)yHKLi,Hfl HBJiaeTCH pemeHneM CHCTeMbi 

y = f'{xit + 0))y (4.-2) 

c Ha^ajibHbiMH ycjiOBHeM xf{0) = 0. 06o3HaHHM Hepe3 y pemeHne CHCTeMbi (JT]) c naHajibHbiM ycjiOBneM 
y{0) — (1,0). Hcnojibsyfl jieMMy [T2| saKjiio^aeM, hto 

y(T)=f(0) + |4^j''(T). (4.-2) 
a;2''(0) 

EcjiH 2/2 (r) = 0, TO H3 111 HMeeM, ^TO KajKfloe pemeHHe cncTeMbi ([T]), a ana^HT h cncTeMbi ([T]), aBjiaeTCH 
T-nepHOflHT^ecKHM. PaccMOTpHM cjiyHaii, Kor^a 

^ 0. (4.-2) 
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B CHjiy TeopeMbi o nepHO^HHecKHx pemeHHax conpajKeHHoii CHCTeMbi (cm. [QI Fji. Ill, §23, TeopeMa 2]), 
CHCTeMa 

z = -ir{x{t + e)))* z (4.-2) 

HMeeT no KpaflHefi Mepe o^ho T-nepHO^H^ecKoe pemeHne, o6o3HaT^HM sto pemeHne ^^epes z. ^OMHOJKaH 
paseHCTBO ll]) CKajiapno na z, nojiy^aeM 

(y'^inliT)) = (y^(O), J(T)) + 0^ (i'{t),IiT)) = (y^(0),I(0)) + (0)1,(0). 



Ho B CHjiy jieMMbi neppona (cm. [34] hjih Sec. Ill, §12]) {jf{T),z{T)) = (y^(0),z(0)) , nosTOMy 2,(0) = 



y^HTbiBaa ([T]), saKJiiOHaeM (x^{Q), ^(0)^ =0 hjih 



(j(0),z-''(0))=0. 



Cjie^OBaTejibHO, BexTopbi z~^(0) h z(0) jiHHeiiHO saBHCHMbi, TO ecTb cymecTByeT a 7^ Taxoe, hto z(0) = 
az~^(0). Ho o6e (jjyHKiiHH h z HBjiaeTCfl pemenHflMH oflHoii h toh ace conpajKCHHOH CHCTCMbi ([T]), 
nosTOMy 

z(t) = az~^{t) npn Bcex t G [0, T], 

B nacTHOCTH, 4)yHKi];HH z - T-nepHO^HnecKaa. 
JleMMa ^OKasana. 

HaKOHeu;, npefliaBHM ycjiOBHa, npn KOTopbix Me — Me- 

JI e M M a 4.4. Ilycmb eunoAHeno ycjioeue MejibHUKoea (Cme)- UpednoAOOKUM, nmo Bah ecex ^ e 
eunoAHeno 

/i(e) = /i(-a,6), (4.-2) 

/2(o = -,f2(-ei,6), (4.-2) 

(/i)(i)(0 = -(/2)'(2)(e). (4.-2) 



Tozda dAsi aw6oso 9 (^R uMeeM 



u, e HacniHocmu, 



M%{e) = ME{e), 

s 

MX{9) = - f dct\\{y{T),giT~0,xiT)mdT, s,0e[O,T]. 



s-T 

/^Jia ^lOKasaTCJibCTBa jigmmbi [4~4l 6viieT HcnojiBSOBano cjieflyiomee yTBepjKfleHne. 
JI e M M a 4.5. PaccMompuM AUHeunym cucmeMy 

yi \ / a(t) d{t) \ I yi 



(4.-4) 



npednoAOOKUM, nmo a{—t) = —a{t), b{—t) = h{t), d{—t) = d{t) Oam aw6ux t G [ci,C2]. Tozda, ecAU y 
- HeKomopoe pemenue cucmeMU jj-l^ , mo (fiyuKV^UM z{t) ~ {y2{—t),yi{—t)) ydoeAemeopsiem na ompesKe 
[ci,C2] conpjicHceHHOu K {4-5^ cucmeMe. 
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CnpaBefljiHBOCTb jieMMbi fj^Sl npoBepgexcg Henocpe^CTBeHHO noflCTaHOBKoii pemenHH z{t) = (jj2{^t), yi{—t)) 
B conpHJKeHHyK) CHCTeMy. 

^OKasaTejibCTBO jieMMM 14.41 IlycTb r € [0, T] TaxoBO, ^to 

x[(0) = 0. 

IlojibsyflCb ycjiOBHflMH (|4.4p h l|4.4p . jierxo npoBepHTb, ^to (|)yHKLi,HH p{t) = (— ■z;[(— t), afj (— i)) HBJiaeTCH 
pemeHHeM nopojKflaiomeH cncTeMbi ([T]). Ho p(0) = a;^(0), cjieflOBaTejibHO 

{-x'[{-t),xl{-t)) = x^it) AJiH jiio6oro t e [0,T]. (4.-4) 

PaccMOTpHM jiHHeapH30BaHHyK) Ha nopojKflaromyK) cncTeMy |(T]) 



(/2)'(i)(5?Mi)) (/2)'(2)(5?^w) y V 



(4.-4) 



(/l)(l)(^^W)=-(/2)'(2)(J^W)- 

H3 1(131) HMeeM -(/i)(i)(-Ci,6) (/i)(i)(Ci,6) H, y^HTbiBaa P, nojiy^aen 

(/i)(i)(5;'"W) = -(/i)'(i)(-^"M))- (4-4) 
Hs {HI) HMeeM -(/2)(i)(6,6) = (/2)(i)(-Ci7 6) H, y^HTbiBaa P, nojiy^aeM 

(/2)(i)(2?^(-0) = (/2)(i)(5^(0)- (4-4) 
HaKoneu,, h3 (|4.4p HMeeM (/i)(2) (— Ci, ^2) = (/i)(2)(Ci> ^2) h, ynHTbiBaa ([l]), nojiy^aeM 

(/i)(2)(5?^(i)) = (/i)(2)(-5^(-0)- (4-4) 

TaKHM o6pa30M, BblHOJineHbl yCJIOBHH JieMMbl|4?5l Ha OCHOBaHHH KOTOpoii HOJiynaeM, HTO (|)yHKL(HH 



y^OBjieTBopfliOT coHpfljKeHHoii k ([T]) cncTeMe 

i = -(/'(S^(t)))z. (4.-4) 

Hs llj jiflR jiK)6oro i e [0, T] HMeeM 

ji"(-t) = 5?i"(t), -2f2"(-0 = 2?2"(<)- (4-4) 
IIoKajKeM, T^TO BMecTe c pemeHneM CHCTeMbi ([1]) HBJiaeTca 4)yHKiiHfl p{t) ~ (—?/]"(— t), yj(—t)). ^eiicTBH- 

TejIbHO, H3 111 H HMeeM 

Plit) = -{h)'ii){^^{t))yl{-t) + (/i)'(2)(2?^(i))y2(-0, 

H H3 (H]), l|4.4p H HI) HMeeM 

P2{t) = -{h)[,){x^t))yl{-t) + (/2)'(2)(S?^(i))y2(-0- 
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BMecTe c tgm, h3 Toro, hto (^z^{0),x^{0)J = b CHjiy jigmmm IleppoHa (cm. [34| hjih [QI Sec. Ill, §12]) HMecM 
5^(0), 55^(0)^ = 0, TO ecTb 

K(i>) / / 

Ho a;i(0) ~ 0, nosTOMy h3 nocjie^nero paBeHCTsa saKJiiOHaeM, hto y[{0) ~ 0. nojiyi^eHHoe cbohctbo nosBO- 
jiaeT yTBepjK^aTb, hto p{0) = y^{0), nosTOMy 

{-yl{-tW2{-t))=r{t), teR. (4.-4) 

Ha ocHOBaHHH |[T]) h ([l]) (J)yHKi];HH h z'" mojkho nepenncaTb b bh^b 

Tax KaK (J)yHKi];HH h z"^ hbjisiotch pemeHHHMH conpajKCHHOH CHCTCMbi ([T]) , to (^yuKixmi z nz sBjiHiOTca 
pemeHHflMH conpajKenHoii chctcmm |(T|). Ho 

2(0) =1 ^^^^^ 1 = x{0) = 2(0), 

z(0)= I ".'"'^^^ I -^(0), 

MO) 

cjie^IOBaTejibHO, 

JleMMa flOKasana. 

TaKHM o6pa30M, BbinojiHCHHe ycjiOBHii chmmctphh jiCMMbi 14.41 ne TOJibKO npHBO^HT (J)yHKi];Hio AIe k 
KjiaccH^ecKoii, ho h ynpomacT Bbi^HCJiCHHe (jjyHKiiHH M^. HpHBeflCM o^ho cjie^CTBHC h3 jieMMbi|3?2l KOTopoe 

TaKJKe MO>KeT 6bITb HCnOJIbSOBaHO flJlR ynpOmeHHH Bbl^HCJieHHH (|)yHKLI,HH M^. 

CjiBflCTBHC 4.1. ITycmb aAze6pauHecKaji KpamHocmb MyjibmunAUKamopa +1 MuneapuaoeaHHOu cucme- 
MU (Qp paena 2 u Z2(0) = 0. Tosda 

^ T 

M1(0)=MJ(O)-||2 J mr),giT~e,x{r)))dr. 

s+e 

/IoKa3aTejibCTBO. Hcnojibsya saMcny nepeMeHHbix t = t + T b HHTcrpajie h jiCMMy 14.21 mojkbm 
npoBBCTH cjie^yiomee npeoGpasoBanne 

s+e 

MX{9)=^ J {z{r),gir~e,I{T)))dT = 
s-T+e 

s+e 

= J {z{T),g{T-e,x{T)))dT+ J {z{T),g{T^e,x{T)))dT = 

s~T+e 
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s+e T 

(z(T),g(T-0,x(r))) dT+ J {z(t-T),g{t~9,x{t)))dt : 
s+e 
s+e T ^ 

{?{r),gir~e,x{T)))dT+ J (^(^z(t) - ^1(1)^, git ~ e,x{t)) ) dt 
s+e 

(z{r),g{T~-e,I{T))) dT~^ I {z{t),g{t^e,x{t)))dt 
s+e 
^ T 

= Ml{e)~'^ I m,g(t~e,xmdt. 



MO) 

s+e 



CjieflCTBHe flOKasano. 




SaKOH^HB COnOCTaBJieHHe (|)yHKLI,HH H C KJiaCCHHeCKHMH 4)yHKLI,HHMH Ma H Me COOTBeTCTBeHHO 

MajiKHHa H MejibHHKOBa, nepexo^HM k conocTaBjienHio TeopeMM 12.11 c cooTBeTCTByioinHMH KjiaccH^ecKHMH 
TeopeMaMH. HMenHO, npn noMOiri,H necKOJibKHx npHMepoB 6yflyT conocTaBJienbi saKJiiOHeHHH, k xaKHM npn- 
BOflHT TeopeMa MejibHHKOBa h k xaKHM TeopeMa 12.11 CoBepmeHHO noHHTHO, ^to saMenoH nopojKflaroiiiHx 
CHCTeM npe^jiaraeMbix npHMepoB na noflxo^HiuHe CHCTeMbi, ^onycKaioiuHe T-nepHO^HHecKHii npe^ejibHbiii 
iIHKji, conocTaBjieHHe TeopeMM [2TT] MO»ceT 6biTb npoBefleno h c TeopeMoii MajiKHna. B Ka^ecTBe TaKoii no^- 
xoflHmeii CHCTeMbi MOJKeT 6biTb paccMOTpena, nanpHMep, CHCTCMa 

X2 + Xi{xl + ^2 — 1) 

-xi + 2:2(2;? + xl- I) 

flonycKaiomaH eflHHCTBeHHbiii iihkji x{9) ~ (sin((?), cos(0)), h ^jih KOTopoii, b ^acTHOCTH, BbinojineHbi ycjio- 
BHH j1eMMbi r4.ll (cm. |13) . 4)opMyjia 37). IloflpoGHoe conocTaBjieHne c o^Hoii jinnib TeopeMoii MejibHHKOBa b 
HacTOHHieii pa6oTe MOTHBHpoBaHO enje h tbm, ^to ne^aBHO mm HOJiy^HJiH o6o6Hi,eHHe ccjaopMyjinpoBaHHoii 
Bbime TeopeMM MajiKHna (cm. |10| . cjie^CTBne 3.5), Bepnoe b npocTpancTBe nponsBOJibHoii pasMepnocTH. 
Iloflxofl, HpefljioJKeHHMH B [10| . HCHOJibsycT ycjiOBHe Tnna (Cm a) h k cjiyHaio MejibHHKOBa ne hphmchhm. 
TojKe caMoe ycjiOBne npe^HOJioiKeHO h b H,HTHpoBaHHoii BMine pa6oTe |21) . r^e, b cooTBeTCTByiomeM cjiy^ae, 
ycTanoBJiena (|)opMyjia BH^a ifTjl. 

B nepBOM npHMepe 6yfleT noKasano, ^to TeopeMa 1 2.11 MoaccT yTO^HHTb peayjibTaT TeopeMM MejibHHKOBa, 
a BO BTopoM, HTO ona mojkct ycTanaBjiHBaTb cymecTBOBaHHe, no KpaflHefi Mepe, flByx 6jih3khx ijHKjiy x 
T-nepnoflH^ecKHx pemeHHii b neKOTopbix TaKHx cjiy^aax, b kotopmx TeopeMa MejibHHKOBa rapaHTnpyeT 
cymecTBOBaHHe, no KpaHneii Mepe, o^noro. 

CpaBHCHHe 6yfleT npoBOflHTbca b cjiyiae rjiaBHoro pesonanca, to cctb, Kor^a nanMenbinHH nepnofl ijHKjia 
X coBHa^aeT c nanMenbinHM nepno^OM BOSMymennfl, h 6ojiee Toro, na ero npocTOM no^cjiy^ae, Kor^a (J)yHK- 
H,HH Me HMeeT poBno ^Ba nyjia na HHTepBajie [0,T). TaKoe orpanH^enne hosbojiht npHMennTb TeopeMv l3.1l 
H HpoBecTH cpaBnenne HaH6ojiee jierKO n narjia^no. 



n p H M e p 4.1. Uycmb npedAOOKena cucmeMa 

- .T? -X?.) \ I \ 

(4.-4) 




2:2(1 — xf ~ x^ 
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-2:1(1 — x\ — x\) 
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IlpH e = CHCTeMa (|4.ip HMeeT bh/; 

I XT \ I xnd - — Xn) \ 

(4.-4) 



±2 I \ -xi{l -x\~ x\) 



H flonycKaeT ceMeiicTBO nepno^HHecKHx op6HT 



sin(Q;t) 
cos(Q!i) 



c<>0 

PaccMOTpHM sa^aHy o cymecTBOBanHH nepnoflH^ecKHx op6ht rjiaBHoro pesoHanca, to ecTb sa^a^y o B03My- 

meHHH Op6HTbI 



x{t) = VT 



w 



cos(wt) 

nepHO^a T = 2tt/w, coBna^aiomero c nepnoflOM BOSMymenHH. Tax xax 

cos(wt) 
— sin(i(ji) 



x(t) = wy/l — w 

TO (JjyHKIIHH MejIbHHKOBa HMeeT BHfl 



Af£;(6') = -7r\/l - wsin(w6'). 

— 7r 
<I>yHKi];Hfl Af^; HMeeT, o^eBH^HO, ^Ba npocTbix nyjia 61 = n 62 ^ — na HHTepBajie [0, 27r/u') h TeopeMa 

w 

MejIbHHKOBa rapaHTHpyeT, ^to npu aw6ux w G (0, 1) u docmamouHO muaux e > cucmeMa i4-l\ ) UMeem 
no Kpauneu juepe dea T -nepuoduuecKux pemeuuM, Xe,i u Xe,2, cxodnvnuxcM, npu e ^ k 'nuKAy x. 
nocMOTpHM Tenepb, KaKoe yTBepjK^enHe nosBOJiaeT HOJiyHHTb TeopeMa l2.1l 
3aMeTHM, HTO HopojKflaiomafl cncTeMa llj yflOBjieTBopaeT ycjiOBHHM jieMMbiSUl cjie^OBaTejibHO, 

s 

M%{e)=ME{e) H M%{e) = - f dct\\{y{T),g{T-0,x{T)))\\dT. (4.-4) 



s-T 



JlHHeapHSOBaHHafl na x cncTeMa ([T]) HMeeT bh/i; 



yi 
m 



-2(1 


— w) sin(wi) cos(wt) 


w — 


2(1 - 'u;)cos2(wt) \ 




—w - 


f 2(1 - w) sin2(wt) 


2(1- 


- w) sin(u;t) cos(wi) / 





(4.-4) 



PemeHHe y CHCTeMbi ([T]) c Ha^iajibHbiM ycjiOBneM 



flaeTCfl 4)opMyjiOH 



HosTOMy 



1 • , 1 / 

||x(0)P wVl -w \ I 

1 / —2(1 — w)t cos{wt) + sm{wt) 



Wl - w \ 2(1 - w)tsm{wt) + cos{wt) 



M1(0) = 3 ! {2{l~w) sinews) -I), 

MXi^/w) = 3 ^ (2(l-u;)sin^(u;.)-l) 
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TaKHM o6pa30M, ^jia BbinojiHeHHfl ycjiOBHH ([2} xeopeMbi 1 2 . 1 1 Heo6xoiiHMO . HTo6bi 

'1 



IIpH BbinojiHeHHH nocjie^Hero ycjiOBHH HMeeM M^(0)Af^(7r/w) < h b CHJiy xeopeMbi 13.11 ycjiOBHe ((B| 
TeopeMbi 12.11 o6 HH^eKce TaKJKe BbinojiHeno. HiaK, na ocHOBannH TeopeMbi 12.11 HMeeM: npu aw6ux w e 
(1/2,1) u docmamoHHO muaux e > cucmeMa f^. UMcem, no Kpauneu Mepe, dea 2Tr /w-nepuodunecKux 
pemenuM Xe,i u Xe^2, cxodsiu^uxcM npu e ^ k u,UKAy x. Peuienue x^.i Meotcum cmpozo enympu u,UKAa x, a 
pemenue x^,i cmpozo cnapycHcu. ITpoHue 27: / w -nepuodunecKue peuienusi cucmeMU J^. npu ynaaanHux w 
u £ manaice ne nepecenawm v,uka x. 

Mbi nojiyHHJiH, ^TO fljiH npHMepa 14. II o6jiacTb napaMeipa w > 0, npn KOTopoii npHMenHM MeTO^ Mejib- 
HHKOBa, niHpe o6jiacTH, npn KOTopofi npHMenHMa TeopeMa l2.11 ho b 3toh 6ojiee ysKofi o6jiacTH TeopeMa l2.1l 
nosBOjiHeT yxasaTb HOBbie CBoiicTBa nepnoflH^ecKHx pemeHHii rjiaBHoro pesGHanca. 

CeiiHac mm npe^taBHM npHMep, b KOTopoM xeopeMa 12.11 vKaBbiBaex ne TOjibKO HOBbie CBoiiCTBa nepno- 
flH^^ecKHx pemeHHH rjiaBHoro pesoHanca, ho h ^OKasbiBaeT cymecTBOBaHne 66jibmero hx ^HCJia. 



n p H M e p 4.2. JJeucmeumeAbno, nodnpaeuM cucmeMy npedudyui^ezo npuMepa CAedymuj,UM o6pa30M 

1 



Xl = X2[i~ -{xi + xi)y 

X2 = -Xl [ 1 - ^{xf + xlyj + e (sin (^t ]- Xl 



(4.-6) 



exi 



CO. (if 



H HsyHHM BOSMymeHHe nopojK/iaromeH op6HTbi 

x(t)~- 

nepHG^a T = — , CGBna^aiGinerG c nepno^GM BGSMymeHHfl. CoGTBeTCTByioinafl stoh sa^a^e 4)yHKLi;HH Mejib- 
HHKOBa sanHCbiBaeTca xax 

M^(0) = -sm(^-tj--sm(^-i 
Stt 

H flonycKaeT ^Ba nyjia = h 02 = — • OflnaKO, TOjibKO BTopoii h3 hhx ABjiaeTca npocTbiM, nepBbiii jKe 

HBJiaeTCH Ky6HHecKHM, TO ecTb Af'(O) = 0, Af"(0) h Af"'(0) = . 

125 

TaKHM o6pa30M, h3 TeopeMbi MejibHHKOBa aaKjiiOHaeM, ^to npu docmamonno MaAux £ > cucmeMa 
i4-2\ ) UMcem, no Kpauneu Mcpe, odno T -nepuodunecKoe peuienue x^, cxodnui^eecn npu £ k u,UKAy x. 

JlerKO npoBepHTb, ^to CHCTeMa (|4.2p c £ = 0, jiMHeapHSOBaHHaa na x, coBna^aeT c CHCTeMoii ((T|), b 
KOTopoii BSflTO w = 4/5. IIosTOMy, y^HTbiBafl, ^TO HaHajibHoe ycjiOBHe pemenHfl y ^aeTca (J)opMyjiOH 




saKJiHDHaeM, hto 



|.?(0)||2 4/5 



/ 2 /4 \ . /4 
/ 1 cos [ —t ] + sm I —t 



4/5 



5 \5 

2/4 
— tsm —t 
V 5 



/4 
cos —t 
5 
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IlojibsyHCb jieMMOH 14.41 a hmghho 4)opMyjiaMH ([T]), ^OJIy^^aeM fljia Af^(O) h M^(57r/4) cjie^yiomHe Bbipa- 

JKeHHH 



1257r 



257r , 
— cos 
64 ^ 


^8 \ 


257r 






257r / 




\ 757r 


TTT- COS 






64 ^ 







cos -s 



5 y 16 ' 

flflii KOTopbix jierKO npoBepHTb, ^to M^(0) < h il/^(57r/4) > npn Bcex s £ [0, 57r/2]. 

Sna^HT, Ha ocHOBaHHH TeopeMbi l2.1l HMeeM: npu ecex docmamoHHO mujiux e > cucmeMa ^.2^ UMeem, 
no Kpauueu Mcpe, dea T -nepuodunecKux pemeHUM i u x^^2, cxodnvnuxcM, npu e ^ k v,UKAy x. Pemenue 
Xe,\ JieoKum cmpozo enympu 'nuKJia x, a pemenue x^^i cmposo cnapyotcu. 

TaKHM o6pa30M, najiH^He y (|)yHKi];HH MejibHHKOBa KpaTHbix KopHeii ne no^pbiBaeT pa6oTOcnoco6HOCTb 
TeopeMbi 1. 

06paTHMCfl Tenepb k cjiy^aio, Kor^a BOSMymenHe ne flBJiaeTca ^HcJxjjepeHiiHpyeMoii c^yawaaeVi. Otmb- 
THM, HTO Bonpoc o cymecTBOBaHHH nepHOflH^ecKHx pemeHHH b BOSMymeHHbix CHCTeMax THna ^ b cjiy^ae 
HyjieBoii hjih jiHHeiiHOH nopojKflaioineii CHCTeMbi paccMaTpHBajica lO. A. MHTponojibCKHM |28) . A. M. Ca- 
MOHJieHKO [38] . J\yT^. MaBeHOM [24], [25], A. ByflKa h /];>k. J1h6ph [^ H MHorHMH flpyrHMH. B cjieflyiomeM 
npHMepe ^eMOHCTpnpyeTCH npHMeneHHe xeopeMbi 12.11 k cncTeMaM c HeflHcjjcjjepeHiiHpyeMGH npaBOH ^acTbro 
npH HeHyjieBoii HejiHHeHHoii nopojKflaioineH CHCTeMe. B Ka^ecTBe BOSMymenHH BbiGpana, Tax HasbiBaeMaa, 
npbiraiomaH HejiHHeiiHOCTb, cm. [T^. B Ka^ecTBe nopojK^iaiomeH CHCTCMbi Bbi6paH0 ypaBHCHHe /Iy4)4)HHra. 

n p H M e p 4.3. PaccMompuM aadauy o cyui,ecmeoeaHuu peaouaucuux nepuodunecKux pemenuu y ypaeue- 
Hua Jl,y(fi(fiuHza c npuzamui^eu ueAuneuHocmbw 

il + u + u^ = e{i.ixf + vx'^ + cos((l + 5)t)). (4.-8) 

ycTaHOBHM cjie^yromyK) npocTyio jieMMy. 

Jl e M M a 4.6. PaccMompuM cucmcMy 

Xl = X2 

(4.-8) 

X2 — —xi+e{^x^+iyxi +cos(i)), 

zde a+ := max{a,0}, a~ := max{— a,0}. FIoaookum x{t) = (sint,cos<). Tozda, ecjiu \ii ~ v\ ^ 2, mo 
coomeemcmeymuifUe (fiyuKu^uu M% u ydoejiemeopHiom ycAoeuw 0P meopeMu \2.1\ Ecjiu otce — < 2, 
mo 

ind(!?,$) e {0,2}. 

/loKasaTejibCTBO. HneeM 

Ma{0) = J siiir (fixfir) + i^x]; {t) + cos(t - 9)) dr = 



TT 27T 27T 27r 

TT 
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= li V h TT Slllf/, 

2 2 

27r 

M%{9) = y COST (AiXj^(T) + i'Xj;(t) + cos(t - 0)) dr = 



27r 27r 2tt 

COS r sin rdr ^ ^ j ^'^^ ^~ y '^'-'^ ''' '^'^^ ^ ^ j ^'^^ ^ ^^'^ ^"^^ ^ ~ 

TT 

= TT cos 0. 

Tax KaK no ycjiOBHK) jieMMbi |^ — < 2, to = arcsin — ^^y^- — 6y^eT e^HHCTBenHbiM nyjieM (|)yHKu,HH Me 
Ha HHTepsajie [— 7r/2, 7r/2]. IlosTOMy na HHTepsajie [0, 27r) (^yawa^R Me HMeeT poBHO ^sa KopHH 
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9i = 6*0, ecjiH 6*0 > 0, 
?! = 6*0 + TT, B npoTHBHOM cjiy^ae, 

t/2 = fl + TT. 

<I>yHKLi;Hfl Me HMeeT poBHO ^Ba nyjia 9i — 7r/2 m 62 — 37r/2 na HHTepBajie [0, 27r). /^jih iJjyHKijHH Ma{()) b 

3THX TOHKaX HMeeM 

Ma{tiI2) = - + TT, A/^(37r/2) = - - ^. 
TaKHM o6pa30M, ecjin |^ — 7^ 2, to 

AfA(7r/2) ^ 0, A/A(37r/2) ^ 0. 

EcjiH jKe l/i — 1^1 < 2, to 

MA(7r/2) > 0, AfA(37r/2) < 

H B CHjiy TeopeMbi l3.1l HMeeM ind(a;, $) S {0, 2}. 
JleMMa flOKasana. 

HTaK, BepneMCH k cncTeMe l|4.3p . 06o3Ha^HM ^epes ug e^HHCTBeHHyK) c tohhoctbk) flo c^BHra nepnoflH- 
^ecKyio op6HTy nopojK^aioinero ypaBHennfl 

il + u + V? = 

2-77 

c HaHMeHbniHM nepnoflOM r. Ecjih u - pemeHne ypaBHBHHH Il4.3p . to f = (w, it) y^OBJieTBopaeT cncTeMe 

1 + 

Vi = V2 

(4.-8) 

V2 = -vi - vf + e{^v]^ + lyy^ + cos{{l + S)t)) , 

o6paTHO, ecjiH v - pemeHne cncTeMbi ([l]), to fi - pemenne cncTeMbi (|4.3p . Bes orpannHennH o6iri;HOCTH ^jih 
npefljiaraeMoro nnjKe yTBepjK^eHHH mojkho CHHTaTb, hto us{0) = h 1*5(0) > 0. SaMenon nepeMennbix 

nepefifleM ot cncTeMbi ^ k cncTeMe 

ii = X2 

1 , _ (4--8) 

±2 = ~xi - {us{0))'^xl + e — —r cos{{l + 6)t) + ei^ix{\ + lyx^). 

us[U) 
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IlycTb l/i — i^l < 2. ycTaHOBHM, HTO cymecTByeT Sq > Taxoe, hto npn S e (0, (5o] ycjiOBHs xeopeMbi 12.11 
CBflsaHHbie c 4)yHKLi,HHMH M^, H $, ^jifl CHCTeMbi |(T]) BbinojiHeHbi c x{t) = "^l^"!^ H T = 1 + S ' '^''^^ 
3Toro, B CBOK) o^epeflb, floCTaTOHHO ycTanoBHTb anajiornHHoe yTBepjK^eHHe ^jih CHCTeMbi 

il = X2 

(4.-8) 

±2 = —xi — {us{0))^xl+ecos{{l + 5)t) + e{^x^+i'Xi). 
IlepHOfl op6HT nopojKflaiomeH cncTeMbi 

Xi = X2 

X2 = -xi - {us{Q))'^xl 

H3MeHfleTCfl MOHOTOHHO OT 27r flo 0, Kor^a HaHajibHoe ycjiOBHe op6HTbi H3MeHfleTCfl OT (0, 0) flo (+00, 0) (cm., 
Hanp., [HI npHMep c. 250]). Cjie^OBaTejibHO, us{Q) 0, Kor^a 5-^0. Ho ^jia (5 = cnpaBe^jinBOCTb jKejia- 
eMoro fljifl CHCTeMbi ^ yTBepjK^eHHH cjie^ycT h3 jicmmm I4.6[ cjieflOBaTejibHO, sto yTBepjKfleHHe ocTacTca 
cnpaBefljiHBbiM h npn Majibix 5 > Q. 

HTaK, ycTanoBJieHO, hto ecjiu \^ — v\ < 2, mo cyinecmeyem Sq > mame, nmo nacHcdoMy 6 £ [0, ^o] 
coomeemcmeyem Eq > maKoe, nmo: 

1) npu KacHcdoM e £ (0,eo] eo3Myui,eHHoe ypaeneHue JJ,y(p(puHza {4-^ UMeem, no Kpauneu Mepe, dea 
j^-nepuoduHecKux pemeHUM us_^, us,e niaKux, nnio Kpuean t {us.e{t),^s,e{t)^ Aeotcum cmpozo enympu 

Kpueou t {us{t),us{t)) , a KpueaM t (^i^i,{t),us_^{t)^ cmpozo cnapyaicu; 

2) Sam, ecsiKozo -nepuodunecKozo pemenusi u cucmcMU J^.gp c £ G (0, Eq] npueasi t {u{t),u{t)) ne 
UMcem moHCK nepeceneHun c npueou t — > {us(t), us{t)) ; 

3) pemcHUM us.e u us^e ydooAcmeopMwm ycAoeum 

W5,£(i) Us (j: — 9^ u us.elt) Us — 6^ npu e ^ 



Oaji HCKomopux 6,6 £ 



^ 



EcjiH 1/ = /i = 0, TO nojiy^CHHoe yTBepjKfleHHe aBjiaeTCfl flo6aBjieHHeM k HSBCCTHbiM pesyjibTaTaM o 
Ka^^ecTBeHH0M noBeflenHH nepHOflH^ecKHx TpacKTopHH ypaBHenHH /Jy4)4)HHra, cm., nanp., A. JX- MoposoB 

§5. Btipoxc^eHHbie pesoHancbi. ConocTasjieHHe c TeopeMoft HaracaKH 

B HacTOflmeM naparpa(J)e paccMaTpHBaeTca cjiy^aii, Kor^a T-nepnoflH^ecKHii li,hkji x flBJiaeTca BbipojK- 
fleHHbiM, TO ecTb Bce pemeHHfl jinneapHSOBaHHoii CHCTeMbi |(T|) hbjihkjtch T-nepno^HHecKHMH. T-nepHO^HHecKHe 
pemeHHH BOSMymeHHoii CHCTCMbi, nopojKflenHbie TaKHMH iiHKjiaMH, nasbiBaiOTCfl BbipojK^eHHbiMH pesonan- 

CaMH. EcjIH X BJIOJKeH B CCMeiiCTBO IIHKJIOB {Xa}a^Q aBTOHOMHOH CHCTCMbl C nepHO^aMH T{a), TO eCTb, 

ecjiH 

X ^CKQ 

fljia HCKOToporo ao > 0, to, xax noKasbiBacT HHJKecjieflyiomaH jiCMMa, npe^nojioJKeHHe o BbipojK^eHHOCTH 
no^^TH Bcer^ia BbinojiHeno b cjiy^ae, Kor^a T(ao) flBJiaeTca KpHTH^ecKHM nepHO^OM, to ecTb 

T'(ao) = 0. (5.0) 
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OTMeTHM, ^TO safla^a o cymecTBOBanHH KpHTH^ecKHx nepnoflOB ^jih iihkjiob, BjiojKeHHMx b ceMeiicTBO 

LI,HKJIOB aBTOHOMHOii CHCTeMbI, HHTeHCHBHO HCCJie^yeTCH, CM. [5], [6], [7], |40) . 

He orpaHHHHBaa o6iri,HOCTH MOJKeM CHwiaib ^ajiee, hto 



Ja(0) 





J{a) 

JI e M M a 5.1. EcAU dAM op6umu Xao eunoAHenu ycAoeun T'{ao) — 0, J'(q!o) ^ u nepeasi KOMnoueu- 
ma ecKmopa a;Qo(0) omAUHua om hi/am, mo naaicdoe pemenue AuneapuaoeaHHOu cucmeMU (Qp c x = Xq,„ 
jieAJiemcM T{ao)-nepuoduHecKUM. 

/loKasaTejibCTBO. HaM 6yfleT yfloGno ncnojibsoBaTb cjie/iyiomee o6o3HaHeHHe 

x{t, a) :— Xa(t). 

Tax KaK npabaa ^acTb nopojKflaiomeH CHCTeMbi ^ nenpepbiBHO flH4)(|)epeHi];HpyeMa, to (cm., nanp., IIoht- 
parHH |35], Fji. 4, § 24, TeopeMa 17]) (jjyHKiiHfl (i, a) x(t, a) nenpepbiBHO flH(|)(|)epeHLi,HpyeMa no coBOxyn- 
HOCTH nepeMeHHbix. /^HcjjcJjepeHiiHpyH TOJK^ecTBO 

^t(^:a) = f{x{t,a)) 

no a, oojiyHacM 

x'/^{t,a)^ f'{x{t,a))x'^, 

cjieflOBaTejibHO, y = x'^(-,ao) sBJiaeTca pemeHneM jiHHeapnsoBaHHoii cncTeMbi ([1]), b KOTopoii x = x{-,ao)- 
HMecM 

y(T(ao)) - 2/(0) = lim lim - 



A^o A A^o A 

x{T{ao),ao + A) - .^(O, uq + A) — x{T{ao), ao) + x{0, ao) 



= lini 

A^o A 

^. a:(T(ao),ao + A) -a;(0,ao + A) 
= Imi : = 

A^O A 

= (a;(r(-), ao))' (ao) = x[iTiao), ao)r'(ao) = 0, (5.-2) 



TO ecTb y HBJiHeTCH r(ao)-nepHOflHHecKHM pemenneM cncTeMbi |(T]). Ho a::(0, a) = , cjie^OBaTejibno 



J(a) 





J'(ao) 



B TOJKe BpeMH, corjiacHO ycjiOBHSM jieMMbi, nepBaa KOMnonenTa BexTopa Xa^ (0) OTJiHHna ot nyjia, snaHHT 
y H a;((-,ao) - flBa jinneiiHO-HesaBHCHMbix r(ao)-nepHOflHHecKHx pemenHH (flByMepnon) chctcmm ([T]), hto, 
o^BBHflHO, Bjie^BT jKBJiaeMoe yTBepjKfleHne. 
JleMMa flOKasana. 

JleMMa 15.11 HBJiaeTCH xpnTepneM BbipojKflenHOCTH n,HKJia, BJiojKennoro b ceMeiicTBO iihkjiob. O^naKO, 
fljia BbipojKfleHHOCTH n,HKJia BOBce ne Heo6xoflHMO ^To6bi oh 6biJi BJiojKen b ceMeiicTBO iihkjiob, BbipojK^en- 

HblMH MOryT 6bITb H HSOJIHpOBaHHblB IIHKJIbl. /^Jia H3y^BHHfl CymBCTBOBaHHH B BOSMymBHHOH CHCTBMB ^ 
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BbipojK^eHHbix pesoHaHCOB B 3T0M nocjieflHeM CJIy^^ae MOJKeT, BOo6me roBopa, HcnojibsOBaTbca o6iri;aa Teo- 
pena PyMa-HnKone (|37j. TeopeMa 4.1), ho ona pa6oTaeT TOJibKO b cjiy^ae, Kor^a BOSMymeHHe saBHCHT ot 
4)a30BOH nepeMeHHoii (cm. |37j . (Jjopnyjia 2.7), hto ne Tpe6yeTCH b npe^jiaraeMbix HHJKe Teopenax. 

EcjiH iiHKji X HBjifleTCH BbipojKfleHHbiM , TO (|)yHKLi;HH Mj^ H AfJ; OHeBHflHO, HG saBHCHT OT s H TeopeMa l2.1l 
npHHHMaeT cjie^yioinHH bh/;. 

TeopeMa 5.1. Uycmb Oaji eupootcdeHHOzo v^ukau x eunoAHeno ycAoeue (C) u eoaMyut^enue Henpepueuo. 
npednoAOOKUM, nmo dAM Am6ozo Oq G [0, T] manozo, nmo Me{Oo) = umccm 

MAieo) + 0. 

Tozda npu docmamouHO mqaux e > ecnnoe T -nepuodunecKoe pemenue x^ eosMyineHHOu cucmeMU (7\) 
Heo6xoduMO maKoeo, nmo 

Xe{t) 7^ x{s) npu ecex t,s G [0, T]. (5.-2) 

EcAU oice UMeeM eine u 

ind(x, <J>) 7^ 1, 

mo npu ecex docmamouHO muaux e > eosMy^cHHaM cucmcMa [Ij) deucmeumejibHO UMcem, no Kpauneu 
Mepe, dea T -nepuodunecKux pemeuuM, x^^i u Xe;2^ ydoeAemeopjiwinux ^5.1\} . 06a pemenuM cxodsimcA k x 
npu e ^ 0. KpoMe mozo, pemenue Xg^i Aeotcum euympu v^ukau x, a pemenue Xe,2 cnapycHcu. 

YcjiOBHA TeopeMbi 12.11 npHo6peTaiOT MaxcHMajibHO npocToii bh^, ecjiH ^onojiHHTejibHO k BbipojKfleHHO- 
CTH H3BecTH0, HTO (J)yHKLi;Hfl Me HMeeT poBHO ffBa nyjia na [0,r). Ilo SToii npH^nne mm c4)opMyjiHpyeM 
cooTBeTCTByromee yTBepjK^eHHe xax OTflejibHyro TeopeMy. 

TeopeMa5.2. Uycmb Bam eupocHcdennozo u^ukau x eunoAneno ycAoeue (C) u eoaMyut^enue nenpepueno. 
UpednoAOCHCUM, nmo cfiyHKU^usi Me UMcem poeno dea uyAn di u O2 na unmepeaAC [0, T) u 

MA{ei) ■ MAie^) ^ 0. 

Tozda npu docmamouHO MaAux e > ecMKoe T -nepuodunecKoe pemenue x^ eoaMyu^ennou cucmcMU (7\) 
neo6xoduMO ydoeAcmeopsiem ycAoeum h5.1\) . Ecau chcc donoAHumcAbno uaeecmno, nmo 

AfA(0i)-M^(02) <0, 

mo npu ecex docmamonno MaAux e > eosMym^ennasi cucmcMa (Ij) deucmeumejibno UMcem, no Kpauneu 
Mepe, dea T -nepuodunecKux pemenuM Xe,i u Xe;2i ydoeAemeopMwm,ux ^5.1]) . 06a pemenuM cxodjimcM k x 
npu £ ^ 0. KpoMC mozo, pemenue Xe,i Acotcum enympu u,UKAa .t, a pemenue Xe^2 cnapyotcu. 

HcHO, HTO Bepna TeopeMa, nojiy^eHHaa h3 TeopeMbi 15.21 nepecTaHOBKoii (J)yHKLi;HH Me h Ma MejK^y 
C060H. 

HacKOJibKO H3BecTHO aBTopy, B jiHTepaType HCCJie^OBan tojibko tot cjiy^aii, Kor^a BbipojKfleHHbiii iihkji 
BjiojKeH B ceMeiiCTBO iihkjiob h HMeeT KpHTHHecKHH nepHOfl. IlosTOMy, HMenno Taxyio CHTyaiiHio mm npe^no- 
JIOJKHM flajiee pjiR TecTHpoBanHH TeopeMM 15.21 B 3tom cjiy^ae ycjiOBna, CBa3aHHbie c npHMeneHneM TeopeM 
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o HeHBHoii (jjyHKiiHH, HanpoTHB, ycjioJKHHiOTCfl H cymecTBeHHO saeHCflT ot Toro, KaKoea KpaTHOCTb nyjia ao 
fljiH 4)yHKLi,HH T. Tax K. HaracaKH |39j paccMOTpeji cjiy^aii, Kor^a 

T'(ao) = 0, T"(ao)^0. 

IloMHMO ycjiOBHH cymecTBOBaHHfl npocToro KopHs 6^ y (jjyHKiiHH MejibHHKOBa, b pa6oTe iiHTHpoBaHHoro 
aBTopa Tpe6yeTca, HTo6bi HeKOTopaa BcnoMoraTejibnaa (J)yHKLi;Hfl N, (|)opMyjia KOTopoii co^epjKHT ^boh- 
Hoii HHTerpaji, HMejia b tohkb onpe^ejienHbiii 3HaK. IIojiy^eHHyK) TeopeMy HaracaKH HJiJirocTpnpyeT na 
HecKOJibKHx npHMepax, neKOTopyio MOflHcjjHKaiiHio OflHoro h3 hhx ([39|. npHMep § 6.4) mm Bbi6epeM fljia 
cpaBHeHHH 9T0H TeopeMbi c xeopeMOH 15.21 



npHMep5.1. ^eucmeumejibHO, paccMompuM cucmeMy 

il = .T2 Q(x2+x2-2)P + l 

±2 = -xi - 2)P + 1 ) +esin(i). 

IlopojKflaioinafl CHCTeMa ^onycKaeT ceMeiicTBO iihkjiob 



(5.-2) 



a sm I —, — ri I 



v 



a cos 



c nepHOflaMH 



T(a) = J 



2ti 



9(a2_2)P + l 
4 

Hccjie/iyeM BOSMymeHne iiHKjia, cooTBeTCTByiomero a = v^, to gctb ijHKjia 

\/2 sin t 



\/2cost 



fljiH KOToporo 



T(\/2)=27r, r'(V2) =... =r(P-i)(\/2) =0, T^p) (V2) 7^ 0. 



B cjiy^ae p ~ 2 ^jia cncTeMbi l|5.ip HaracaKH Bbi^HCJiaeT ynoMHHyTyio (jjyHKiiHio TV h npHBOflHT cjie^y- 
lomee yTBepjK^eHHe (cm. [39], TeopeMa 6.4): /^am ecex docmamoHHO muaux s > cucmeMa h5.1\) UMeem, no 
KpauHeu Mepe, dea T -nepuodunecKux pemenuM Xe,i u Xe,2, cxodnvnuxcM, k x npu e ^ 0. 

TaK KaK npH p ^ 2 KpHTHnecKHH nepno^ 2-k ne flBjiaeTca ^ByKpaTHbiM, to npn p ^ 2 pesyjibTaT HaracaKH 
ne npHMCHMM. 

nonpo6yeM Hcnojib30BaTb TeopeMy 15.21 JlnneapHaoBaHnaH na iiHKJie x nopoiK^aroniafl cncTeMa npn jiio- 
60M HaTypajibHOM p hmbct bh^ 

S)i \ 1 w yi 

I \ -1 / \ y2 

H, cjieflOBaTCJibHO, 

) ^1 

V2 I cost 
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TaKHM o6pa30M, npn jiio6om naTypajiBHOM p HMeeM 

Me{0) = -V2TTsm{9), Ma{0) = — ^7rcos(6l). 

v2 

•JyHKiiHH M HMeeT ^sa Hyjia 6i = vi 62 ~ tt na HHTepsajie [0,r), npn^eM Af_4(0) • Myi(7r) < 0. TaKHM 
o6pa30M, BbinojiHeHbi ycjiobhh xeopeMbi 15.21 na ocHOBaHHH KOTopoii nojiyHaeM yTBepjK^eHHe: Uycmb p e N 
- npouaeoAbHoe nucjio. ecex docmamoHHO mqmux e > cucmeMa f5.1]} uMeem, no Kpauneu Mepe, dea 
T -nepuodunecKux peuieHUM, Xe,i u Xe,2, cxodnvnuxcsi k x npu e ^ Q. PemeuuM, Xe,i Jieotcam cmpozo enympu 
v^uKAa X a peuieHua x^^i cmpozo cnapyoKU. 

TaKHM o6pa30M, npn p = 2 nojiyHennoe h3 xeopeMbi 15.21 yxBepaciieHHe yTOHHaeT pe3yjibTaT HaracaKH h 
flaeT TO^HO TaKoe saKJiroHenne npn jiio6oh ^pyroH KpaTHOCTH BbipojK^eHHH, r^e yKasanHbiii pesyjibTaT ne 
npHMBKHM. B TOJKe BpeMH CTOHT OTMBTHTb, ^^TO paccMaTpHBaBMafl TBopeMa HaracaKH (|39). TeopeMa 6.4) ra- 
paHTHpyeT ^jih neKOTopbix CHCTeM (npn p ~ 2) cymecTBOBaHHe, no KpafiHeii Mepe, ^eTbipex nepHOflH^ecKHx 
pemeHHH, b to BpeMs KaK xeopeMa 15.21 Bcema rapanTHpyeT cymecTBOBanHe, no Kpanneii Mepe, flByx. 

B saKjnonenne naparpa4)a otmbthm, hto noBeflenne TpaeKTopnii BOSMyniennon raMnjibTonoBoii cncTeMbi 
b6jih3h n,HKJia c KpninnecKHM nepno^OM nccjie^OBano b |29j n |31) . 

§6. PacnojioxceHHe yctohhhbbix h HeycTOHHHBbix nepHOflH^ecKHX pemeHHH 

TeopeMbi MajiKHna, MejibnnKOBa n HaracaKH, KaK ocnoBannbie na TeopeMe o neflBnoii (ipynKUfm, npe^o- 
CTaBjiHiOT TaKJKe nncjaopMaiinio 06 ycTonnnBOCTn pojKflennbix h3 ijnKjia x nepno^nnecKHx pemennn B03My- 
niennoii cncTeMbi ([1]). B nacToanieM naparpa(|)e 6y^eT noKaaano, ^to ananne nn^eKca ind(x, $) nosBOJiaeT 
B neKOTopbix cjiynaax yTBepjK^aTb, no KaKyio CTopony ot iiHKjia naxoflHTca, no Kpanneii Mepe, o^no ycToii- 
HHBoe pemenne, a no KaKyio CTopony, no Kpanneii Mepe, o^no neycToiinnBoe. 

IIpe^nojiojKnM, nTO 

(A-p) pemenne x —: lle(-,toiO BOSMyniennoii cncTeMbi c nanajibnbiM ycjiOBneM a;(to) — S, cyniecTByeT, 
e^nncTBenno n npo^ojiJKnMO na 0Tpe30K [0,T] npn jiio6bix io G [0,T], ^ G n e > 0. 

CjieflOBaTejibno, fljia cncTeMbi ([l]) npn jiio6bix e > onpe^ejien onepaTop XlyanKape-AnflponoBa Ve = 
f2e(T, 0, •), cooTBeTCTByroninii sa^ane o T-nepnoflnnecKnx pemennHx ^jih ([1]). 

TeopeMa 6.1. Uycnib eoaMymenue e flp Henpepueno. Uycmb eunoAHCHO ycAoeue (Hp meopeMu \2.1\ u 
ycAoeue {A-p). Tozda cymecmeyem Eq > manoe, nmo 

x{e) ^ Ve{x{0)) npu ecex 9 £ [0,T], e £ (0,eo] 

u 

ind(x, =ind(S, $), ee(0, Eq]- 

/IoKa3aTejibCTBO. IlycTb Qg - nnTerpajibnbiii onepaTop, cooTBeTCTByiomnii 3aflaHe o T- 
nepno^HHecKHx pemennflx ^jih B03Myni,eHHoii cncTeMbi ^ n onpe^ejiaeMbiii 4)opMyjioii ([1]). 06o3nannM 
nepe3 U CM? BnyTpennocTb u;HKJia x n nojiojKHM 

We^ {x: C([0,T],R2) : ^2^(0, i, £ U, for any t £ [0,r]} . 
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IloKajKeM, HTO cymecTByeT Eq > Taxoe, hto fljia jiio6oro e G (0,eo] h jiio6oro a G [0,eo] BbinojiHeno: 

ecjiH Q^x = X n X £ W a TO, X € Wq. (6.0) 

IIpe^nojiojKHM npoTHBHoe, cjie^OBaTejibHO cymecTByroT nocjie^OBaTejibHOCTH {£,i}rieN C (0,eo]j ^ 
npH n oo, {a„}„eN C (0,eo], {a;„}„gN C C([0, T], R^), x^ € Wa„ Taxne, 'qTO Qe„Xn = a;„ h 2:„ ^ Wq. 
Tax KaK a:,! € to a::„(0) G C/. C flpyroii CTopoHbi h3 cooTHomeHHH a;„ ^ Wq saKjiiOHaeM, ^to npn 

J11060M n G N cymecTByeT G (0,T] Taxoe, ^to a;„(i„) G dU, b hgm npoTHBope^ne c yTBepjKfleHneM 1) 
TeopeMbi 12.21 

H3 111 H yTBepjKfleHHH 1) xeopeMbi 12.21 3aKjiiOHaeM. hto CTenenb — Qe, Wa) onpe^ejiena npn jiio6om 
a G (0, £0] H 

dil -Q,,W,) = d{I -Q,,Wo), eG(0,eo]- 
Ha npHHijHna po^CTBeHHOCTH (cm. [15| . TeopeMa 28.5) cjie^yeT, hto 

d{I-Q,,W,)=md{x,I-Ve). 

C flpyroH CTopoHbi, B CHJiy yTBepjK^eHHH 2) xeopeMbi 12.21 HMeeM 

d{I~Q„ Wo) ^indix, $). 

TeopeMa flOKaaana. 

HaM TaKJKe Heo6xoflHMa cjie^yromaa jieMMa, ycTaHOBJieHHaa KaneTTO, MaBSHOM h SaHOJiHHOM. 

JleMMa KaneTTO-MaBeHa-SanojiHHa. (cm. [4], Cjie^CTBHe 2). Uycmb eunoAHeno 
ycjioeue (C) u eoaMyut^enue Henpepueuo. Uycmb eunoAHeno ycjioeue {A-p). Tozda dAM Am6ou docmamoHHO 
6au3kou k VfUKAy X u HenepeceKamineu ezo T -nepuodunecKou (fiyHKii,uu x UMeem Mecmo paeencmeo 

md{x,I -Vo) ^1. (6.0) 

^OKasaTejibCTBO jicmmm KaneTTO-MaBeHa-SanojiHHa Hcnojib3yeT TeopcMy KynKH-CMenjia (cm. |33) . Fji. 3). 

HTaK, nojib3yacb hh^ckcom ind(a;, $), hmccm cjie^yioinyio HHcjaopMaiiHio o pacnojioJKCHHH ycTOHHHBbix 
H HeycTOHHHBbix T-nepHOflHHecKHx pemeHHH B03Myiri;eHH0H CHCTCMbi ([l]) b6jih3h nopojK^aiomero iiHKjia x. 

TeopeMa 6.2. Uycmb eunoAHCHU ycjioeun meopcMU i6.1]) . a maKotcc ycAoeue (C). Bu6epcM npoua- 
eoAbHuc T -nepuoduHCCKUc (fiyuKv^uu x~ u 5;+ manue, nmo x^ ACOKum enympu v^ukau x, ax'^ - cnapyofcu, 
npuHCM e o6Aacmu , aaKAWHCHHOu Mcaicdy x" u x, a mancitce e o6Aacmu saKAWHCHHOu Mcotcdy x u 
x'^ , Hem T -nepuodunecKux peweHuu nopocHcdawineu cucmcMU flp. Uycmb donoAHumcAbHO uaeecmno, nmo 
ece nenodeuoKHue mouKU onepamopa UyaHKape-Andponoea Vg e u jieAMwmcM npocmuMU. Tozda, 
ecAU 

md(a;, $) > 1 (ind(J, $) > 1) , 
mo MHOCHcecmeo (^~) codepatcum, no Kpauueu Mcpe, 

H = \md{x, <i>) - 1| 

HcnodeuQtcHux monen onepamopa Ve, moamwihuxcm cedAaMU, a MHoaicecmeo V~ (y~^) codepotcum, no npau- 
Hcu Mepe, fi HenodeuoKHUx moHCK onepamopa Ve, Kaotcdaa U3 Komopux au6o yacA, au6o (fionyc. 



30 



OTMeTHM, HTO Bbl6op yKaSaHHblX B (|)OpMyjIHpOBKe IIHKJIOB X H B03M0>KeH B CHJiy npeflnOJIOJKeHHH 

(C). 

^OKasaTejibCTBO. IlycTb 

ind(x, $) > 1. 

Tor^a, B CHJiy xeopeMbi lG-ll H TeopeMbi KaneTTO-MaBena-SaHOJiKHa, HMeeM 

d(*,F-)>/i H d{<^,V+)<^l. 
Cjie^OBaTejibHO (cm. [T], Fji. V, § 11, TeopeMa 26 h jieMMa 1), cymecTByeT, no KpafiHeii Mepe, ^ ToneK 

: ■■■5 ; 

G V~ fSfUR jiio6oro i G 1, /i, 

H, no KpafiHen Mepe, ^ Tonex ^j^, 

G F"*" fljiH jiK)6oro i G 1, ^, 

TaKHX, HTG 

ind(^~) = +1 H ind(^j^) = —1 ^jih jno6oro i G 1, ^, 

TO ecTb (cm. [T], Fji. V, § 11, TeopeMa 30) KajK^aa h3 TO^^eK i G 1,/J., HBjiHeTCfl ysjiOM hjih (JjOKycoM, a 
KajK^aa h3 TO^ex ^j^, i G 1,//, - cefljiOM. 

Cjiynaii, Kor^a ind(a;, $) < 1, paccMaTpnBaeTCH aHajiornnno. 

TeopeMa ^OKaaaHa. 

PasBHTne TeopeMbi 16.21 MoaceT 6biTb nojiy^eno na ocHOBe cxeM, npe^jiOiKennbix b |32) . 

§7. 3aKJiioHeHHe 

HTaK, B pa6oTe ^jih nccjieflOBaHHH sa^ann o pojKflenHn r-nepno^nnecKHx pemennn B03Mym,eHH0H ch- 
CTeMbi ([1]) H3 T-nepHOflH^ecKoro iinxjia x nopojKflaronieii cncTeMbi |[T]) npe^jiojKena HOBaa xapaKTepncTHKa 
nopojK^aioinero ijHKjia ind(x, JXasoA ycjiOBHH, npn KOTopbix h3 CBoiicTBa ind(a;, $) ^ 1 cjie^ycT, hto 
iIHKji X nopojK^aeT no KpaHneii Mepe flBa T-nepnofln^ecKHx pemennH BOBMymennoH CHCTCMbi ([l]) , jiejKamnx 
no pa3Hbie CToponbi ot x. B saBncHMOCTn ot Toro ind(a;, $) > 1 hjih ind(a;, $) < 1 ^ejiaiOTCH nexoTopbie 
BbiBOflbi o TOM, no KaKyio CTopony ot x pojK^aiOTCH ycTonnHBbie T-nepnofln^ecKne pemennfl n no Kaxyio 
neycTOHHHBbie . 
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